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ABSTRACT 


Problem*  hating  the  mathematical  sSroctnre  of  a  quadratic  assignment  problem  afr 
fossd  in  a  dhrtslr  *•!  rontevts:  by  the  rronomisj  is  asst— nlng  a  mtmhcf  tii  I'ijfit-  at 
•ssrtde  operations  to  a  number  *4  dSSWent  geograpyea!  ioeathirp*:  b)  the  arrhtlert  or  It.'iii— 
slits)  engineer  in  laying  out  activito-s.  i#k.  «  deftartateals  in  a  fcsfldeng;  by  the  bcsotan 
engineer  in  grT.*Bg*«g  the  iociirsSurs  .md  control?  s»  aa  operators  ooHtfiil  roots:  Sty  the  eh  c- 
ironies  engineer  in  laying  cut  or.  a  tiaribnard:  by  tbr  compeler  system-  engineer 

h»  arranging  inhum  «:»■•!!  in  drum  and  rfi-c  storage;  by  tin-  prndttcliuQ  scheduler  in  qaett-jng 
v.-ck  through  a  product  tug  facility;  and  so  na. 

In  this  |<a|— s  »r  Jstso  setrtsl  tyf— » of algorithm- 1»  sohitsg  ssh  poddere-.  presetstewg 
a  unifying  framework  for  some  «f  tin-  esi-ti  tg  algorithms.,  and  describing  some  ttt*  algo¬ 
rithms.  411  of  the  algorithm?  dfisen*s»4  proceed  first  to  a  feasible  ««4stkm  and  then  to  better 
and  better  trasibb  »**t«fltntts.  until  sitiisatciy  one  i-  tSsrovrred  shkh  i»  shown  to  be  nptttaal. 


I.  INTRODUCTION 


The  quadratic  ass’  mmem  problem  is  one  which  arises  in  a  diversity  of  ronle»Ss  and  has  been 
investigated  by  a  number  of  reseacbers.  Formally,  the  problem  may  be  stated  simply  as  follows:  given 

r*  cost  coefficients  Sijte-  (».  j-  k.  9=1.  2.  3 . n)  determine  values  *jf  llie  n-  variables 

1.  2.  3 . n i  so  as  lo: 

Minimize 

l|i  2  V  ^  hiatTott? 

i.j  k.  9 


?*ubjeet  to: 


i-t 


2%=«  *  =  1.3.3. 


*Th?  asliis??  ^3ltlii!i\ 


g*  !*«•  df  iht< 

j4tit  N».  7^5, 


fryetrh  ffWffl  fms 


Proe«1  smd  I 
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i,i  =  0.  1  /,/=!.  2. 


His!. .rieaily  its  naan*  derives  from  the  fad  that  mathematically  its.  structure  is  identical  to  shat 
of  the  classical  linear  assignment  problem  concerning  the  assignment  of  n  indivisible  entities  t*»  each 
«.f  the  n  mutually  exclusive  classes,  one  entity  per  class,  except  that  in  the  present  ease  tin-  objective 
function  tit  contains  terms  whirl)  are  quadratic  in  the  decision  variables. 

\.<unmencin{:  in  the  field  «u  ectmoniics.  Kooptnans  and  Beckmann  {15|  identified  this  name  with 
tlie  structure  of  problems  which  concern  tin-  assignment  ofn  indivisible  plants  ton  locations.  Supjmse 
the  cost  of  establishing  and  ojicratini:  plant  /  at  location  j  plus  tin*  cost  of  supplying  pres|H-cified  product 

demand  i»  customers  front  tliis  location  is  rtj.  /.  j~  1.2 . /».  these  i-ri.  being  indc|»endent  of 

ttlhcr  plant- location  assignments.  Also  sup|>oso  that  between  plants  /  and  A  there  is  a  <-t  ..nnodity 
flow  of  Jit  units  te.g..  n  eight!  which  is  indr|>cndeni  of  plant  location,  and  that  the  cost  |>er  ut.it  flow 
between  locations/  and  q  is  independent  of  plant  assignments.  Tlien  in  this  context  til  becomes: 

,3  '  Z  =  2  ~  S  X 


if i  =  L  and /—  q  \ 


As  a  generalization  to  this  assignment  prolilcrn.  Lawler  f  IBJ  discusses  the  multicommodity  ra>i-  in 
which  then*  is  a  flow  fk  fr*  each  commodity  /  and  a  cost  jwr  unit  flow  between  location-  j  and  q  «<t  </’}. 
As  another  generalization.  Grates  and  ft'hinslun  |12]  point  out  tin*  fusibility  «n  this-  model  of  a  ms! 
component  *r,**  that  depends  on  a  pair  of  assignments,  sueh  as  might  be  illustrated  by  the  cost  of  laying 
a  f»ifK*  line  between  two  fdants.  Combining  these  wc  thus  have  the  more  general  cist  expression: 

«.  A  t  7-  —  J  r.ji.j  ft .itijX  At? 

>.j  1. 1  i.<i  >.)  i .  ■;  « 


•wH 


fr •**§  ■*“  2#  A*®#* 

r„  -  f  jd,, 


•t /_  if 


*!.■#*  or  /  *«f  | 
if  i~  l  and  » —  at 


in  It*-*  ev*-nt  tio-fe  are  m*  mier-plant  fl- - *t s  f.  - ■  tor  alt  i*  4.  r.  and  . to-  |-r.*itiem  m  tat  nduci-s  to  the 
linear  assignment  jiroMotn.  ft  hen  r,t  =  tl  for  a!!  i.j  ami 

f  14  —  i-M./cn 


j  ' 

I  ft. at 


ft  .itheraise 


the  iwoldem  rrdttees  l«  the  travcli* 


alesman  tmd.lein  t  IH I . 


M  a  more  mierteccofHitnic  level  thi-  fireblrfn  an-e-  in  tfie  context  of  locating  fic|iartntcnt  of  ..fm-e- 
within  a  plant  or  store  to  minimize  the  cost  of  ?rans|«orting  |*n>duct,  the  tiKil  distance  walked.  or  »<inir 
-Imilar  sneasuir  [  1. 24.  3I.32|.  At  a  still  more  micro  level  it  is  the  |*r*4»Ieni  of  b.-®;Ing  operator  dials  and 
indicators  ..n  a  display  and  control  |mnoi.  in  other  mniexfs  tit  —  f4t  is  t|§.-  tHvdiieif:  of  minimizing 


TREK  search  amumutiim:: 


a 


"latency*  in  magnelie  (Irum  «r  Jk-  storage  computers  j  IVj.  minimizing  total  wire  .»—sgil!  in  the  place¬ 
men)  of  derlrotue  ciiiiiiNinfriis  in  assemblies  |2.  7.  ?0J.  «r  minimizing  total  flow  time  or  total  variable 
production  and  invenl<»r>  carrying  cost  in  various  production  sequencing  problems  [22]. 

In  some  contexts  there  may  be  nmstraints  applicable  to  the  problem  which  are  not  represented  in 
the  statement  as  embodied  in  (I)  —  (41.  For  example,  there  may  be  a  restriction  that  plant  /  no!  be 
located  at  j.  or  a  restriction  that  plants  i  ami  k  he  not  more  than  distance,  d.  apart,  or  that  i  and  L  be 
cioser  than  //.  All  single  and  jiairwise  eonstrainls  of  this  hind  are  readily  ar*  omnmdated  In  ( I !  —  {41  by 
setting  s.jbj  — . I/.  1/  — •  s.  However,  more  diOieuh  to  include  are  •■••nstraints  Involving  three  or  more 
assignments  unless  it  is  possible  to  derive  an  equivalent  set  of  pairwise  constraints.  While  the  algo¬ 
rithms  !«»  be  discussed  ran  he  adapted  for  such  eases  tire  resulting  aig‘*ri!hms  mav  nrr!  be  as  efEr'k-nt. 

from  a  problem-solving  point  of  view  there  may  in  practice  be  fewer  than  n  plants,  at  <  n,  but  with 
m*  loss  id  generality  we  may  assume  m~n  by  introducing  dummy  jdants  »■*  I,  in  -  2.  .  ..  n  with 

c;j = 0  and  fa-  =0  for  at!  i.  k>  m.  Also  it  is  noted  that,  staled  in  terms  of  a  plain  i  and  its  location  ,  (•). 

ftrohlem  1 1 )  —  ! 4 >  and  Its  variations  is  the  problem  of  finding  a  permutation  {/  1 1  •.  t  ;£i.  Z  C3) . 

f  (nil  of  the  integers  (I.  2. 3.  .  .  ..  n|  so  as  to  minimize: 

td  —  ^  -tar  -  m  - 


Tilts  representation  will  sometimes  lie  u-ed  in  the  following  discussion. 

F<»f  solving  quadratie  assignment  problems  a  nutnlier  of  procedures  of  both  the  reliable'  agd  the 
unreliable svpe  have  lieen  nostril  in  the  literature,  lb-liable  |m*eedure>  for  determining  optimal  sohi- 
tlons  with  objective  function  w*  have  b  -:•!!  presented  by  fiiim«ff  [IOJ  and  Lawler  I  ibj.  and  for  the 
symmetric  ease*  ufi-Mby  l-sod  J  Hi  I  ami  (iavefi  and  I’iyter  fhj.  For  the  problem  with  the  genera!  objec¬ 
tive  function  <(a  a  reliable  algorithm  has  been  given  by  Igtwicr  |18j.  On  the  other  hand  unreliable 
pOK-eiltiies  have  fiecn  refnwtni  for  various  quadratic  assignm;:!  ;*oblems  by  Armour  and  Hut) a  f  1  j. 
Lasch uir  and  Ahrens  J7|. Clilmore  f  !*>i-  Graves  and  Wlnnstwn  f  I2|-  lliltier  jl3L  Hillier  and  Connors  j!4J. 
Nugent.  Tollman.  and  Bum!  |23g  I’cgrls  {24J.  Steinberg  poj.  Whitehead  and  EMors  (32|  and  by  Winp 
mertl  |33L  An  interesting  f.-»|—ritnen:al  comparison  of  a  number  of  these  latter  procedures  is  presented 


in  the  paper  by  Nugent,  et  il  |23j. 

from  a  i-omputational  point  of  view.  the  present  slants  ran  perhajts  he  sBccim-Jly  summarized 
as  fidWovs.  Existing  rrliaidc  alpiritnms  ran  essentially  be  classilk-sl  into  three  gimps:  the  imegrr 
programming  apm-ach  «f  I  nwh-r  |  ItJj:  the  semf-CRttmcralivo  prrprrdures  of  Igtwler  IIP]  and  fill¬ 


more  |  III]:  ansi  tlie  serpi-ruumcrattve  appr>*a«  hes  of  Ca-.ei!  and  i’iyicr  I8J  and  land  [If«J.  W  ill: 
jiresently  available  integer  pi-oastminj;  algorithms  site  first  a|*|»r«aeh  is  impractik-al  i  *en  for  small 
problem',  in  light  «t  the  size  of  the  programming  ppddria  which  results.  For  the  second  group  we 
know  «f  wi  actual  i-omsmlathmal  rvretwKrf  with  tite  alarithsis.  I  ml  as  stated  by  Gilmore  I  HI]  hi* 
reliable  algorithms  are  "ttndulil;  not  nunnulaitonaUy  feasilde  for  a  much  htrarr  than  15.”  For  the  third 
group  Gave!!  and  ”lyfer  |B|  rejiort  that  with  their  algorithm  as  |«mpuninted  in  rV-Uran  on  an  IBM 


«itf4.  a  |>r'dilem  with  h  ;  f«-qntresl  1 1  minutes  an*!  <ute  with  s  “  8,  12  minuirs.  In  *h*et.  in  the  words 


3  irSrt#f  -ev!»ES2  se  s  d  ='3”5es|  «>*I==f4ri^:  iKr  A'ci-iify 

=4  jg  «*f¥‘  v  =2|| 

•  %  i#==  '  fni  I  f  I  hr*  k=NJtfTS  J*.  tr  sa*i^«4,r  -  ft*  *  /*.- 

ffc.  «4i§n:  jqtrfw 

*4  pe^siJrtl  j-  %hr44mz  Isti*  v€l~%|©r®ln  l  %  §=ssmns% 
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J,  F.  S’lKIts  K  \Ni)  5  B.  CBOUSTON 

ii|‘  Najrnl,  «•!  al_.  "'one  h>  forced  io  conclude  that  in»  r-otnputafioisall*,  leasibh*  ojifimaI-|*r*«diicing  pfo- 
reduce  ovists  al  present.  Interest  roust  f**cus  on  suboplimai  pnr,-edun*s.” 

In  tin-  jir«*M*n!  paper.  m*  redirect  attention  back  to  reliable  pnH-edun-s  for  s«dving  quadratic 
assignment  problems..  The  meth***:!*  to  In-  considered  an-  those  which  equivalently  been  referred  to  as 
branch  and  Itound  procedures  (201.  back -in-:  k  programming  procedure'  jilj.  implicit  enumeration 
procedures  l1)].  reliable  heuristic  programming  jmwtdurw  125).  and  -rthrrs.  fcs«rnfially  these  are  the 
types  of  methods  that  were  used  in  tin*  algorithms  of  Haven  and  Plyter  |8j.  Idilmorc  1 10J.  I.and  1 16 j. 
and  Ian  ler  |  IHJ.  In  the  following  sections  we  present  a  unified  framework  in  which  to  coin  pare  the 
evisiin-  algorithms,  and  discuss  some  alternative  search  strategics  and  other  means  by  which  It  may 
lie  fui'sible  to  devise  BwiTr  efficient  procedures. 

Before  turning  to  tire  algorithms  in  detail.  howevpr.  we  shai!  comment  briefly  on  the  nature  of 
the  inclfutds  to  in-  imisidered  and  the  reasons  for  our  inclination  toward  them.  The  most  common 
name  for  the  roredures  to  Iw  investigated  is  "branch  and  Iwiund.**  the  name  given  to  the  ideas  em¬ 
ployed  by  I  Jttle  el  ah.  [20j  in  their  algorithms  for  solving  the  traveling  salesman  prsddem.  The  “branch” 
j mt jon  stents  front  the  fact  trial  in  terms  of  a  tree  of*  alternate  potential  srduitons  to  the  problem  the 
procedure  is  rontitiuaily  nuircmni  with  ch*»  eing  a  nest  hrancli  of  the  tree  to  elaborate  and  evaluate. 
Tin'  "bound”  term  denotes  their  etn|ihasis  on.  and  effeetive  use  of.  means  of  bounding  the  value  of 
the  objective  ftiiicfioi:  at  each  node  in  the  tree,  both  for  eliminating  dominated  paths  and  for  selecting 
a  nest  bram-ii  f«r  elalioratlon  and  evaluation. 

Perhaps  the  essence  of  the  |rroeedures  !«  In-  considered  Is  roost  succinctly  cap! used  in  the  mean¬ 
ing  given  to  "rombinairohd  j-r.rgramming”  by  its  authors  R. e-smait  and  Twery  By  combinatorial 

programming  we  mean  procedures  developed  on  the  basis  of  two  principal  concepts:  the  use  of  a  c«n- 
I roiled  enu  lucrative  techinqne  for  limp'iritlyl  considering  all  potential  solutions;  and  the  elimination 
from  explicit  consideration  of  particular  potential  solutions  which  are  known  from  dominance,  bound¬ 
ing  and  feasibility  considerations  to  be  unacceptable.  All  of  the  equi*  alert  terms  for  these  we? lewis 
will  be  used  interrhangrabh  throughout. 

As  will  !*er»»mc  apparent  many  «*f  the  feasibility.  dominance.  and  botmdiog  smnsrdcis.tbm?  pre¬ 
sented  in  the  following  sectiorts  are  also  a|iplk*ablr  in  other  c«inl«naf**rial  programming  algorithios  as 
well  as  in  ••flier  1  vpc*  id  podtlent-sohlng  procedures.  In  fin-  fidk-wing  sections,  attention  wifi  Ik-  focused 
•>n  cmnftin.'iforial  |ir«»grainHtiBg  alpwithins  in  which  problem-solving  ps*K*reds  first  to  fhe  discovery 
,4  a  feasible  Solutittn  and  then  In  successively  better  feasible  solutions  C.lti*  uftimat-'H-  «Hf"  IS  db- 
nnmd  v-hicli  is  shown  to  I»e  cpimL  Wr  direr!  attention  li»  llfese  prm-edurrs  principally  because 
ih,-v  have  ihe  following  three  desirable  atiributes. 

First,  with  such  priwciut  -s  there  t>  a  possibility  «pf  •tb'aining  usable  solutions  and  terminating 
prolifem-xJvtng  prior  to  She  uhimaie  completion  of  the  proMem-soIv jug  |ro«-ess.  Tilts  feature  is  ob¬ 
viously  important  f*>r  quadratic  assignment  problems- 

y>s'i-of;il.  these  prjK-edtnes  exploit  in  at*  efficient  manner  iolormaikm  that  is  available  beforehand 
[■flainins  to  the  value  of  an  optimal  solution,  as  Is  always  the  rasr  for  instance  when  a  feasible  srfufbm 
f*  k:ios  --  from  expertenre  *<r  lias  been  derived  with  ihe  aid  <»f  a  heuristic  tnnndialdc)  juorrdnre.  That 
is.  since  in  the  pt*«e»-durrs  to  Ik*  investigated  sultsequrn!  search  is  always  directed  toward  solutions 
with  a  value  better  than  the  best  known  so  *ar  and  will  terminate  it  a  solution  is  discovered  attaining 
a  known  bari  hotrod.  iw  nt  a  priori  kBimbjgr  i*f  upper  a— oMr  lower  Iiound*  serves  to  redio  c  the 
i,-gion  fhat  need  hr  scarrfwd.  TTcreforr.  in  r»«nlrvts  where  sum  heuristic  !>r»*r'cdit?5-s  arc  available, 
for  example,  a  system  of  jK-tddem  —Hving  |».«rcdures  may  prove  advantageous  in  which  the  reliable. 
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direet  algorithm  is  employed  as  an  adjunct  to  lilt*  heuristic  fwH-rdures.  an  adjunct  to  be  employed 
»hcn  in  a  pitfii  instance  the  w-fmoiitles  of  the  problem  and  pmUen-soiv  ing  t  fior!  togethrr  with  environ¬ 
mental  considerations  warrant  the  added  search  for  a  solution  belter  than  that  yielded  by  the  iieurtslte 
|#Tl*eed  tiffs. 

Thirdly.  tln-se  algorithms  art-  attractive  in  that  with  'litis-  modification  they  fan  far  emidoyed 
t*-  find  tin!  tin!)  an  optimal  solution.  hut  all  ojuiinal  solution*.  or  a  s|*~ritted  nuntlwf  *»f  most  preferred 
'•duthtnii.  or  all  solutions  having  m  vaiui-  within  t,  sjiecified  Interval  of  tht*  optimal  value,  and  so  tin. 
Such  possibilities  mat  hf  «*l  interest  in  eontext*  in  whifh  there  art-  attribute-*  of  thf  profilrni  nf  itn- 
l»ortam-e  whifh  an-  tmt  dim-tiy  re|*rescnt«-d  in  thf  model  of  the  pr< ddi-m  Itfins  solved. 

II.  SINGLE- ASSIGN M ENT  ALGOHITIIMS 

V-  ntttt-d  earlier.  a  first  principle  of  combinatorial  programming  is  the-  u**>  if  a  controlled  enumer¬ 
ation  j»roeedure  for  systematically  considering,  at  le-asl  implicitly.  all  potential  solutions.  F«»r  quadratH* 
assipnmt-n!  protilrnt*  there  an*  at  least  two  general  procedures;  .>ne  ha-ed  mi  the*  sv  s*crria*n-  eortstd- 
rratiien  etf  singlr  assignments.  a„.  and  one  based  it::  the  systematic  consideration  of  pairs  «>f  assign- 
nunts.  ?vu_  lietth  type.*  have  a|tjet-arrd  in  trliaMr  algorithms  to  date.  Gilmore  { 10]  and  i.a*-,  ter  j  18] 
ii'ins  tbr  former.  and  I  .and  j  Jftj  ami  Gaveli  and  I’iyti-r  (8  j  using  the  latter.  In  this  section  we-  consider 
algorithms  <»f  tht*  former  type. 

A  property  of  a  feasible  solution  |e,  the  problem  (2*— t4t  is  that  with  the  variables  *j  arranged 
in  an  n  X  a  matrix  X  =  !  jjr.-j*  theft*  exists  exactly  mir  variable  in  each  n«  and  column  ?l  the  assign¬ 
ment  matrix  X  hating  unit  v aim-  To  satisfy  the-  requirement*  for  considering  ait  jioientlal  «JuJtons. 
we  thetefoie  need  a  rttnlredted  enumeration  prttrrdtire  ftsr  generating  all  possible  ways  *«f  seleeling 
•tne  element  from  each  re»w  and  ojaran  etf  X.  One  possible  pr»*-cdute.  for  example,  i*  to  successively 
select  elements  from  successive  rows  of  \  and  to  select  within  a  given  m«  tin-  first  element  swlien 
scanned  fr«»tn  left  l«  rigltt.  savt  whielt  will  result  ties! her  in  a  nonfeasiblc  solution  nor  in  a  sedation 
already  generated.  I  Itimately  upon  making  a  schelitnt  front  row  a  and  hence  e«  ms  {deling  the  sprcifi- 
raibm  of  a  solution.  the  prta-edun*  hacks  up  to  row  a  —  1.  scierts  lire  next  admissible  elroien!  and 
step*  forward  to  row  a  again.  Tlte  results  may  t>»  trpresented  in  a  tree  struemre  with  the  ilh  level  of 
nodes  re|5rescnting  the  permissible  cssipimer,!'  for  plant  i.  /  (i).  in  the  js-smutation  {/lit.  /•2i.  .  .  .. 
/In)}  as  slatwn  in  Figure  1.  N,>te  that  eaeh  path  in  ihs  tree  represents  a  feasible  solution  to  our 
problem. 

The  |tr»sredure  descrilad  *!"■»«•  would  thus  eblmrair  the  tree  slw*wn  fr»«ni  left  t**  right.  Enurorra- 
lim  may  thus  le  equivalently  %«-ard  a*  eniaiHng  the  successive  row  by  ma  selection  of  an  dentes* 

fn*nt  matrix  X  1«  include  in  the  fief  mutation  {/  (I),  f  f2l . r(n)}iif.i*  eiifailing  llm  sweessive 

l»-vr!  by  level  srk-rti«ri  oi  bram  he-  in  a  tree  nine  btaneh  p*r  h*vel»  unit!  a  terminal  node  ts  n-arhoi  @i 


r\ 
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level  n,  l  pori  reachins  a  terminal  node,  the  funfspundinj  assignment  is  psaluaicd  and  the  iree- 
evaluaiion  process  Iiarktrai-ks  to  the  lowest  node  iia  the  path  for  which  all  branches  have  not  been 
elaborated.  selects  the  next  aim  resumes,  \V lien  the  process  lias  backtracked  to  the  urlp'n  n**de  and 
all  its  branches  have  been  enmneraied.  gem-ration  and  heme  jjr<di!etu  solving  is  cottjpleic. 

In  addition  t»*  this  illustrative  enum*-rat:<#n  scheme  then*  are  many  others  tor  systematleall. 
selecting  am  element  tn*m  each  row  and  cotumt!  of  X.  For  examine,  if  we  itilerrhanise  the  words  "‘tow" 
sbJ  “odumn  in  the  cited  procedure.  we  have  a  tree  with  levels  (HiTfSimodin*  to  location*  rather 
than  plants,  as  shewn  in  Figure  2. 


if  in  the  process  of  exhaustive  enumeration.  si  becomes  know n  with  certaitav  f«r  a  pattkal*r 
B»«de  assignment.  that  all  paths  winch  pass  through  this  node  represent  potential  solutions  which 
are  nonfeasible  sir  are  dominated  by  a  feasible  solution  already  dhoivew^.  then  the  enumeration  and 
evaluation  of  all  nram  he*  emanating  from  this  node  m  he  eliminated  without  impairing  the  reliability 
el  the  pphttn-foivinj  procetrare.  lad  us  consider  possibilities  for  reducing  search  based  on  dseiinfitrr 
ronstderatiims.  For  any  two  feasible  solution*.  4  and 4.  4  dominates  9,  if  Zm^Z*..  If  In  an  exhaustive 
l«<xrAm-  9,  denote*  the  rth  feasible  solution  ibrmmd  then,  in  genera!.  Through  dow- 

i nance  eottsiderathm  »r  *erk  to  redoee  enumeration  ami  evaluation  of  feasible  «oluth*t*s  to  a  subset 
in  w  hirh 


Zt,  '  - 


where  Ze^  t*  an  opifimai  *olulhm.  In  cft»-ot-  this  is  rrc,itnp|(?W  by  affixing  to  the  jmitrni  thpifigb- 

«ut  the  search  proco**  a  eon*lraint  <>f  the  f«»na  2»,<2f  where  9i  i,  the  best  solution  «fece*cmf  so 
far.  «n  essence,  the  ofritnuzatioi*  pr**b!m»  is  hereby  transformed  Imo  a  sequence  of  u  feasibility  t>r»i- 
iein»  for  purposes  of  pmblrrn-*ob  ing.  To  lei  piemen!  iht*  type  of  ronsideratim  a  lower  b»»*md  fi  is 
drv  eloped  .*>  Z«,  at  each  node  in  the  tree  for  «||  9,  whose  paths  pass  through  the  given  adr.  that  k 
f*  ~~  Z-->.  i--f  aii  0,;  ;f  H  s?  Zi  then  braise  he*  emanating  from  the  wdr  need  he  expBcif  rv  considered. 

for  the  quadraiie  assignment  protileiu.  the^r  hwwis  can  Iw  detemiiwd  in  a  nomlier  of  wars. 
iSHpjwse  lsr  have  arrived  at  j  !!..*ie  on  level  »  of  a  tree  of  the  pruhh-fu  it  -  0.  I . |  i  havin- 

made  a»signiwRts  it.  ■  ilti  and  we  now  wish  to  choose  a  wit  as»ifimnent.  I  #-  a r  he  a  bs<r  faiord 

•> 

«n  the  sum 


"W  “  2  ■>— 


!  oJsljsit  I  I-VKS.  f  .Jr  =  Z- 

■  i  '  /-<  -  .  .  . 


-  -  —  if  as  swrfc  = 


isEF.  se^soi  4i.t;oHrnnis 


where  I  is  the 


m'I  in  ?>:;»;!>  i.  S.-neo  the  nr-s  ih«>  term*  arc-  ksicv.n  rwth.  nr  Sieve 


i  here  u| 


!sm«-r  ImmkmJ  >•:;  jin-  *Um  of  terms. 


id* 

h%  U**rr  *  **«»•  %  <**  »«■  ■Awiiw-a  t»j  s.4»ing  ibr  Ksear  assisnmrai  problem 

,4  4imrn4"B  « »  “  M.  In  the  «tmiai  rase  tg  |5i  S,Al}  =  ^ -y  4,^4 1 .  luib  I  ,*Klrr 

i1,**nS  on!  dial  a  ararf  bound  is  more  easily  .drained  t»v  :iiau-|ii*, 

li,r  "*•«  ^  «-He  second  small-.  .{-  and  ...:  Y«r  in.'  symweine  ease 

aad  f  -  I.  l/s  *  4li/n  so  shtel  the  sum  «d  the  product*  of  these  values  arluaf 

value.  This  applies  ripalh  in  the  t^se 


-i  MlllHJi* 
it»-  Larpesi  value o'  /j;  with  the  smallest 


elves  a  imuloiaiB 


I  i  Ld  L 


•  f *  /f;  | 


Tlitis  by  (!•■;, -rcumiir  an  attprop  iaie  bound  d£  a  value  ran  hr  uNamed  for  each  jiaa— :p«*  d  plant 
and  loeaiBB*  /  remairans  at  level  r.  l-rt  A*  denote  the  ressbln*  l«  —  rj  mains  .'fcrjj.  If  we  drqofe  bv 


7?  =  MSn.  IT 


Ki*‘>  1 


-iM-  U;Kr  of  *n  optimal  s* dal  inn  l«*  a  5  near  assignment  prnWrir.  defined  by  A*',  then  a  lower  bound  Hc 
«»»  ats  fea-Hos  solutions  who-e  jvaih  pas-es  thnsaph  the  u,sde  is 
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».  t^i 


T,,u'  11  H'  '  ,*'s,*rt  ,hr  'rar,  !l  « an  in-  barkiiarec  hnmedutei?  without  om-dJ.-iinf  any  of 

the  iuanrhes  rmanaiinp  from  the  nswfe. 

\n  ahmuriite  *.>  this  fs«tsd  which  requires  fro  computation  «bn!  is  also  less  ssrinpeafi  is  st>i- 
scsleii  In  tiilmnn-  for  the  fc=q»roaKs-i*erkra385t  problem  which  he  mvest«r"  «  ’-*  -*  1  ■  -* 

function 

7  V  ...  -  V  ...f  .  , 


%  :!:!  toe  ofcjeet  jve 


■I  level  z  the 


t»i  ».  s*r 


miierr  .V,  is,  lie  value  of  ai»  ••jitimsl  '••futkw* 
by  | r.,fr  -  .«  and  ,*  *  /  tit  hr  any  tti. 
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1 

2 

3 

4 

A 

297 

174 

293 

152 

B 

368 

254 

353 

217 

t ! 

| 

244 

131 

245 

116 

D 

1 136 

82 

161 

73 

bounds  determined  in  tiie  following  calculations  will  be  exactly  twice  as  large  as  the  true  bound. 
Solving  the  linear  assignment  problem  defined  by  this  matrix,  gives  us  the  resulting  matrix  with  total 
reduction  of  702.  The  lower  hound  on  the  problem  is  therefore  792/2—396. 
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A  i 

j 

14 

(1 

t • 

0 

B 

20 

15 

0 

0 

C 

4 

0 

0 

7 

t 
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A 1: 2ftjJ~‘JS;Jij  +  2  +  a}j 

M 

for  cell  If- 2  we  have. 

%“0 

i/i.  :)(>/t,  <»)  —  (281(6)  —  *68 


ktt 

|  2 

3 

4 

B 

!68 

150 

78 

<: 

1% 

i 

t 

175 

91 

i) 

1* 

50 

26 
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tree  search  algorithms 

This  term  represents  the  interaction  of  the  previous  assignment  (A-l)  with  the 
htent  (B-2) 

«'  (jlii.r)  (fs.a)  *r  ( dn.n ) (  ft.  i) 


possible  new  asslgn- 


—  (5)  ( 15)+  (6)  (4)  ==99 
where  du.  e  rfe,  n,  and/(2, 4i  «/(2, 3) 


_  arid  we  now  have 1 


2  _ 

2 

3  „ 

-  4 

B 

99 

205 

139- 

C 

33 

98 

43 

D 

39 

113 

47 

.A 

2u}:—  - 

X  |.  ■  ;  • 

-  _  '  * 

m 

505 ... 

—  295  -  j  , 

\  £-  -  - 

’  - 

-  C 

127 

418 

225 

”  - 

D 

1 151 

213 

99. 

living  this  linear  assignment  problem  we. obtain  a,  reduction  of  873  with  the  resulting  matrix. 


2 

3 

4 

B 

0 

8 

0 

C 

62 

21 

0 

D 

0 

6 

88 

To  get  the  desired  bound  we  now  divide  by  two  (since  the  elements  in  the  matrix  were  2o,y)  and 
round  the  resulting  fraction  up  since  only  integer  solutions  to  the  problem  are  feasible.  Similarly  we 
develop  level  1  of  the  enumeration  tree. 
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We  select  the  smallest  of  thesci  A— 2  to  develop  first  at  level  two.  We  now  develop  cell  C-3  given 
previous  selections  of  A-2.  B-i 


y  SijkiiL-; —  +  (Jz.  i )(tlrb)  T  (ft. 

ktl 


i)li(A.H) 


2Sy*.< 


!  .3 


G  338  369 
D  1  288  194 


~  t-r  31)  =  2.3 


•V  r 

-«.V 


3.. 

4 

G 

,23' 

23 

D 

23 

23 

2df;= 

_  .3 

_  .4 

C 

699 

761 

D 

599 

411 

j 

3 

4 

■  cl 

•  0 

62 

D 

138 

0 

U  4  ■  1110  — 

Keduction  — ——xk>. 


The  same  set  of  operations  for  A -2.  B-3  and  A-2.  B--* 


The  information  for  level  3.  and  4  are  obtained  by  complete  enumeration  which  we  designate  with  the 
symbol  0.  We  !>eain  with  B-4. 
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bound  mi  ill  all  solutions.  *11)  solutions  with  A-4,  anti  liii)  solutions  with  A— 4. 1S—3  art*  as  follows: 

fi)  7*4  +  6*  13  +  6  •  15 -'-5  -23  +  2-25  +  I  -28=389 
(ill  7  *  4  +  6  *  13  +  2  *  23-1-6  •  15+  5  *25+  1  *  28=395 
ii*l  6  *  23  +  7  *  4  +  2  *  l.f+6  •  15  +  5  *  25+  1  *28  =  435- 

Tilt*  resulting  tree*  Is  seen  to  have  a  greater  number  of  nodes  than  the  former,  but  since  the  evalua¬ 
tion  of  each  is  less  time-consuming  the  total  problem-solving  time  could  he  smaller. 

HI.  EXTENSIONS  OF  THE  SINOLE-ASSICNMENT  ALGORITHM 

Turning  It*  prospective  improvements  in  the  problem-solving  procedures  which  have  been  dis¬ 
cussed,  let  us  review  the  steps  in  the  Gilmore-I  awh-r  algorithm  at  a  node  on  level  f  r—  1 )  in  the  tree. 
For  each  of  the  in  —  r-+I)  assignments  {/".  j)  that  can  he  made  a  lower  hound  Bf  is- determined  ac¬ 
cording  to  (8).  To  determine  each  uHhe  values  Br  requires  the  formation  of  an  in  —  r  + 1  )x  (it  —  r+ 1 ) 
matrix  Ar  and  the  solution  of  the  linear  assignment  proldem  which  it  defines.  To  get  each  of  the  elements 
afi  requires  in  turn  the  solution  of  an  in  —  v)  dimensional  assignment  problem  (which  in  the  Koopmans- 
Beckmarin  problem  can  be  accomplished  by  simply  sequencing  the  relevant  How  and  distance  values 
and  binning  the  inner  product.)  To  make  ah  assignment  at  this  node  thus  entails  the  solution  of  in—  e+ 1) 
assignment  problems  of  dimension  (it  —  p)  and  in  —  *.-+ 1 ) in  —  p)5  problems  of  dimension.  (n—p—Y): 
By  expending  less  computation  elfort  In  tnak:rig  an  assignme.it  at  each  stage  It  may.  however,  lie 
possible  to  achieve  overall  improvement  in  problem  solving.  In  the  following  discussion  we  shall  con¬ 
tinue  to  employ  the  same  level  hy  level  search  strategy,  chousing  at  each  level  a  node  with  a  lowest 
bound.  but  shall  consider  alternate  ways  of  assessing  the  lower  hounds. 

In  (8)  the  value  Z*  for  an. optimal  assignment  solution  to  the  problem  defined  by  matrix  A.-  was 
employed  in  developing  bound  ltr,  but  In  general  any  value  constituting  a  lower  bound  on  Z*  may 
also  be  used.  One  such  bound  less  stringent  than  Z*  can  be  computed  with  little  effort  by  the  matrix 
reduction  method  used  by  Little,  et  al.  (20J.  This  method  rests  on  the  fact  that  if  T{g)  is  the  cost  of  an 
assignment  with  respect  to  a  matrix  A  and  if  7"(g)  is  the  cost  of  that  assignment  with  respect  in  matrix 
A '  which  is  formed  hy  subtracting,  the  constant  h  from  each  element  of  one  row  or  column,  then  Fig)  = 
+6.  and  the  optimal  assignments  under  both  matrices  ate  the  same.  By  subtracting  appropriate 
constants  from  each  row  and  column,  a  matrix  A’  of  mmnegativc  elements  with  at  least  one  zero  in 
each  row  and  column  can  be  obtained.*  Such  a  matrix  they  have  termed  a  “reduced  matrix”  and  the 
sum  of  the  constraints  subtracted  in  forming  the  matrix,  the  “amount  of  reduction.”  If  f  "(g)  Is  the 
total  cost  of  an  assignment  with  respect  to  the  reduced  matrix  A."  and  R  is  the  amount  of  reduction 
incurred  in  reducing  A,  then  T{pi  —  T"ifi)  +  R.  Since  alt  elements  in  A "  are  mm  negative.  T'is I  0 
for  all  assignments  ;r.  and  therefore  the  amount  of  reduction  R  constitutes  a  lower  Ixmnd  on  the  optimal 
value  of  the  assignment  problem  defined  by  A. 

W  e  will  denote  by  Ar  a  reduced  matrix  for  A r  and  by  Z,  the  reduction  achieved  in  reducing  It. 
Zr  may  lo-  used  in  place  «f  Zr  in  determining  Rr- 

‘The  can  5**  am.fnplohr.t.  (hr  hosanre,  t«*  hoi  -tilurarstts  fnmj  e»rb  mhnnn  She  -ni.*IS.~:  rU'mmi  ht  l!:r  mhtmm  m4 
lorn  *Btiirarli-i;  ffum  .-art:  re»ofcms  n«  she  *soa!te»l  rirmem  m  ;h*-  w.  to  srtpfal.  tn.scscr.  3 f i. -  n-dored  maim  »ml  *t»r 
«*f  iff  k**i  unii(^4  i*ai  may  {»*  i^ifisjpnl  »*n  ib?  in  u ki  h  gnd  r*«faffi§  iip 
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Moreover.  between  Z’r  and  /.<  there  are  a  number  of  values  Z’r  which  may  be  used.  Of  special 
interest  are  those  derived  during  solution  of  the  linear  assignment  problem  by  a  dual  algorithm  since, 
for  successive  iterations  f.  l+l.  .  .  ..  of  the  algorithm,  the  value  of  the  objective  function  is  non- 
decreasing:  ’/A  si  Z.!r' 1  -S  .  .  .  =5  'A,  .  With  such  an  algorithm  problem-solving  can  terminate  should 
the  condition 

^'r+  V  .  *Zi. 

!,*</ 

lieciniie  satisfied  for  any  /.  since  all  paths  passing  through  the  node  associated  with  ,4r  must  then  be 
dominated.  Algorithms  of  this  type  include,  for  example,  the  Hungarian  method  (4j.  the  network  flow 
algorithm  of  Ford  and  Fulkerson  |6j  and  the  flow  algorithm  as  improved  by  Sprague  {29].  .At  each  itera¬ 
tion  in  these  dual  algorithms  Z’f  is  the  amount  of  reduetion  associated  with  a  matrix  of  nonnegative 
eoeflieients  4!r  derived  from  the  original,  a  matrix  in  which  ab=Ofor  each  jrj;=  1  In  the  optimal  solution. 

Besides  the  choice  of  the  amount  of  reduction  to  iserform  on  a  matrix  .1.  =  |  jojif  j  j  tliere  are  numerous 
alternatives  for  selecting  file  elements  ufj  to  be  used  in  assessing  li,.  As  was  m.led  earlier.  In  general 
any  value  afj  which  results  from  use  of  an  appropriate  lower  found  in  f7l  for  a\f  is  permissible.  Thus, 
for  example,  in  cases  where  in  developing  At—  jjoJ}j|  it  is  not  possible  to  determine  ofj  simply  by 
by  sequencing  the  flow  and  distant  e  elements  and  forming  their  Inner  product,  it  may  prove  efficient 
to  deteirhine  lower  bounds  on  the  <*i.  in  this  same  way,  and  then  proceed  to  solve  the  resulting  matrix 
.4 r  as  discussed.  Another  possibility  is  to  simply  set  -I ,  —  f  Z-  b  and  j 5*  g  where  {i.  g)  is  the 

assignment  made  in  passing  from  level  v—  1  to  level  i-.  and  then  to  employ  the  bound: 

—Z';—  f'J  ,  *  T  ^ 

I.M 

where  Z'r  is  a  lower  hound  on  the  problem  defined  by  Ar  and  /  is  the  set  of  assignments  existing  when 
ihe  elements  »!f  *  were  determined.  Or.  in  general. 

not  +  2  aU»*  X  s.'«.a.u.  - 

is#  r,  4*/ 


where’  At.  and  «rfju,  are  the  coefficients  of  the  assignments  \jr.  f(jr)  )-  Cfr-o  fifoi).'- 

.  .  .  .Ajr-x.  which  liavc  been  made  and  7Jr  is  a  lower  bound  in  the  problem  defined  by  lr.  j. 

And  between  these  extreme  alternatives  of  determining  a  minimum  value  for  every  tt;s  according  to 
47)  at  level  r  and  of  simply  using  nf.  from  a  previous  slap*  tliere  is.  for  example,  the  alternative  of  re¬ 
computing  only  selected  n,t  perceived  to  lie  criticai.T  toMfher  with  others. 


'The  Ln«h«l  m  ■  IOi  ftsOfins  «fin-«-th  frnB»  ihe  fart  iHal  ihe  -Garf  itw  os-Sw-km*  u.,  in  A,  tnr  as}  fraMe  fo-ar  a— i=n-nent 

m  {tisnf  b;4jr,ti  ftp  !i^  ifer  jToltcSi. 

-A-  ffcc  varwliili')  m  a  c>e4  Ms  r.  %riw  pafesliil  *4 

sit  j|«4i  jlEfabivh.  Fk  |ri  l.f  i«  MTI1  ihsl  If***  «Jl!y  STf  =!» 

leyrl  !•*  Hrl  f?t^j  ‘If  |^*dsc|  V  /«=rf^*?p  ^Wcft  ift  ncj**?  **li*  f.  Bf  Wl^ 


lb** 


lr  -  siiif  l  rff  ~  miji  Jrfiii* ^  /#f-  *-t  ~ 

;  *• 

2  /■»**> ■=  j  I  C 


Hir  mmximum  t f  lint*  T  t/aii-/==- § 
gptbfiif 


—  i«w|3si ■*  V  f‘ 


r»  pezhmp-*  br  «**-*!  I*%  *4 
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t]ontinuing  further  thr  discussion  of  alternate  means  of  hounding,  recall  that  the  situation  we  have 
bfen  discussing  was  that  in  which  we  had  arrived  at  a  mule  at  level  (r  —  1)  and.  in  the  manner  of 
lank;  and  Gilmore,  were  making  each  of  possible  (n  —  t+  1 1  assignments  (/.  /)  at  level  v  and  evalu¬ 
ating  through  means  of  an  ap]»fvprinte  matrix  Ar  a  iHimtd  Br  for  each  of  the  (it  —  »■+  11  mules.  Any  of 
the  ways  for  getting  the  elements  for  the  matrices  A,  and  any  degree  of  reduction  could  be  employed  in 
each  case.  However,  while  perhaps  resulting  in  less  stringent  bounds,  a  value  for  each  Br  at  level  r 
cart  he  assessed  at  level  ( r  -  i  ?  without  first  generating  each  of  the  matrices  A,,  hence  reducing  flic 
computational  rflbn  preparatory  to  making  a  next  assignment.  For  if  T,i  is  an  appropriate  assignment 
matrix  for  the  problem  at  level  tr~  1 )  and  A '  ,  —  j  |  aj; r  1  j  j  is  any  matin  with  nonnegative  elements 
derived  from  it  through  one  or  more  stages  of  reduction,  then  a  lower  bound  on  solutions  itassing 
through  the  m*de  at  level which  results  from  the  assignment  ii.j)  is 


fill 


where  Zl_,  is  the  amount  of  reduction  incurred  in  reducing  matrix  A,  ;  to /!'_ In  practice  Al„,  would 
most  likely  he  the  reduced  matrix  which  results  from  simply  reducing  ntws  and  eetamns.  or  the  matrix 
A  associated  with  an  optima!  assignment  solution  in  which  u,-.  =  0  for  all  _t —  1  in  the  optimal  sotntion. 
To  facilitate  discussion,  we  will  assume  at  least  the  former  so  that  there  exists  at  least  one  zero  dement 
in  each  row  and  column  although  this  In  no  way  iimits  the  generality  of  tie:  discossion. 

To  employ  in  this  framework  the  search  strategy  of  Gilmore  am!  Lawler  which  selects  an  assign¬ 
ment  (/.  rl  which  has  a  lower  bound,  we  simply  ch«*ose  an  assipiment  <  orrespondiiig  to  a  zero  dentnt 
in  the  column  of  A?. .  representing  location  r.  We  then  proceed  to  formulate  a  M!:ndr  for  this  one 
node,  generating  some  or  all  of  thr  remaining  tn  —  v)  matrices  at  this  level  at  a  later  point  in  the  search 
process  only  if  not  dominated. 

To  generalize  somrwlia!  beyond  tin*  search  strategy  of  Gilmore  and  Lawler  and  make  search  more 
dependent  on  the  data,  we  may  select  from  all  candidate  assignments  (/./)  at  Uriel  <i —  1 1  a  m-xt 
assignment,  mu  limiting  choke  to  location  e.  Assuming  Ar- ■  is  a  redtteed  matrix,  however.  there 
are  at  feast  in— r—  I  I  zero  elements,  at  feast  one  for  each  row  and  column.  Therefore,  additional 
criteria  are  required  for  choosing  among  the  zero  dements. 

A  very  effective  criterion  is  that  of  1  ink-  el  aL  [20J  which  employs  what  is  termed  an  alternate 
cost.  At  each  point  throughout  the  search  process  the  sekctiim  of  an  assignment  (/.  /I  partitions  tire 
set  of  all  potential  solutions  into  two  snbsets,  one  of  all  potential  solutions  which  includes  ii.j)  ami 
the  other  of  all  potential  solutions  whidt  does  not.  At  level  r  —  1  a  lower  bound  on  the  cost  of  potential 
solutions  in  the  first  subset  is 

Z’.+  T  ,SV»*.ii. 


since  ft.  it  is  a  aer**  dement.  On  the  other  hand,  since  one  dement  mttsi  eventnally  lie  selected  from 
each  row  and  each  column  of  the  assipiment  matrix,  a  lower  bound  for  potential  solutions  in  the  second 
subset  Is 

<12t  £;_»**’-/}  =i?J- ,-y  v  AV te-titfi  -f  min  -f  min 

».bi 


We  wifi  re  fer  to  the  quantity  fc'JI j I.  a  lower  bviri  on  tin-  objective  lunc-tinn  for  ail  |tmenlial  afjerna- 
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•itfs  to  tin-  pair  (/.  jt.  as  .-imply  the  alternate  cost  for  the  pair  (i.j).  According  to  the  criterion  of 
Uitie.  at  si  the  ht«  ■‘bineiU  **  chosen  for  which  the  alternate'  fust  is  the  mealest.  ThtM,  search 
pHn-eeds  stage  by  stage  selecting  elements  according  to  their  cost  criterion  until  either  a  terminal 
node  is  reaelted  or  :>m*  f«*r  which  It  is  known  that  all  |>o;enHal  solutions  passing  through  it  are  dominated. 
At  this  point  the  search  process  backtracks  in  tlie  first  node  far  which  the  ahematc  cost  is  less  than 
the  total  completion  time  of  ««te  Lest  feasible  sequence  discovered  jo  far.  hIj  <1/  for  the  asiph 
tnent  just  investigated,  am!  then  resumes. 

As  a  eomputationai  consideration  it  is  retted  that  if  £J_,tf./)  r’  /,*  then  the  assignment  (r./J  must 
necessarily  be  Incdudcd  every  nondomiaated  pith  passing  through  the  node.  If  this  is  true  for  two 
or  more*  assignments,  then  it  is  oBneecssary  to  explicitly  consider  nodes  for  each  of  these,  hot  rather 
make  all  such  assignments  immediately  tjunsping  levels  in  the  tree)  and  then  proceed  to  establish 
matrix  A,  for  the  remaining  choices.’'  In  the  special  even!  that  this  is  true  for  all  zero  elements  in  an 
Minima!  assignment  solution  at  a  given  node,  (hr*>  the  only  fnrther  conslderatem  that  need  by  given 
the  node  is  to  evaluate  the  quadratic  assipiment  solution  defined  by  this  assiptmenl. 

in  summary,  there  are  many  bounding  alternative?  that  may  he  employed  within  the  tree  search 
algorithm.  Basically,  as  we  have  seen,  these  concent  altematm  *►£.>»  fur  determining  the  elements  in 
ntairix  I-  at  a  given  node;  alternative  di-gr«-«-<  of  reduction  to  be  applied  to  it;  and  cinders  regarding 
the  dominance  tests  to  he  made  on  the  haris  of  the  resulting  bountls.  Further,  as  has  been  discussed. 
Ittere  are  a  i:uml«-r  of  alternative  search  strategies  ratting  from  fixed.  data-tS'Scpendeat  strategies 
to  the  lev  cl- by-level  strategy  with  pre*sperffied  levels  id  Giiiu»re  and  lawfer.  a»- 1  to  the  general  k-vel- 
by-level  strategy  with  variable  finds.  In  f  ilitiort.  there  is  ihe  alternative  of  stopping  to  evaluate  the 
quadratic  i  ■-!  «f  a  feasible  solalioB  which  ».  stth?  whenever  a  feasible  solution  to  the  Bnear  assignment 
problem  is  determined  a!  any  n«*de:  For  if  Zm<Zs  a  ttril  w  feasible  sohnion  has  iem  discovered  and 
the  lower  value  of  /.  may  he  used  to  make  potential!)'  umif  stringent  the  dominance  tests  in  reducing 
subsequent  search. 

To  illustrate  these  extension?  we  again  solve  the  problem  of  Figure  3.  In  the  algorithm  to  be  used 
the  search  strategy  is  the  peueral  b-vrhhv-levei  slr  aegy  -v-c  4  that  when  we  reach  level  f»— 2)  we 
shift  to  a  data-indc  peiider.t  straiegy  of  exhaustively  enumerating  aD  fcasiWr  assignments.  Beginning 
at  level  0  and  at  every  level  thereafter.  we  establish  matrix  Ar  by  determhting  optimal  values  of  the 
dements  a.|  and  then  redueiug  felly  to  an  optimal  assJptment  solution. 

We  then  solve  a  second  time  the  same  problem,  illustrating  the  pwssibtHiy  of  evaluating  the  feasible 
quadratic  assign******1  solution  defined  by  the  optimal  linear  assignment.  In  this  procedure  we  also 
reviews  the  alternate  c<*sSs  at  every  male  to  indettlify  v  wiabfcs  .t,j  shhh  roust  necessarily  have  value 
Xn~  I  -  For  all  such  variables  a  level  in  she  tree  is  jumped. 

...  .  .  .  7% 

W  e  hejsn  with  the  matrix  developed  ptcviously  and  ;Iir  lower  bound  on  all  solutioBS  of  — — —  —  396. 


An  *  xaroination  a  the  matrix  show*  that  cells  A-2.  A-  -4.  B-3.  B-4.  G-2.  C~3.  D-l.  and  D-3  may  be 
selected  at  ttP*  ira  remciftal  out.  The  alternate  e«*st  rfO-|,  lha;  is  4.  is  nWer  than  any  oilier  so  we 

792+* 

make  the  first  branch  at  this  cell  ’vilh  *iler»3««*  fssl  • — - — ;=-W. 


*Xnlr  tb«  t»I-rr  pw» fAsuf  tm  ifce  s.-*  - 
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Wriaa  lla-  lir«-ai  gwipmini  ppirt-m  »ilb  ink  main*  str  ukun  ihe  following  solution 

795 

■aah  a  Wai  rr^urtw  *tf  — —  =  39B. 


i 

i  2 

3 

4 

A  | 

!  ° 

»> 

o 

B  ! 

liffl 

[ 

87 

0 

_  ! 
C  1 

i 

t  0 

0 
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"Hie  assiptmrnl  with  the  largest  alternate  cost  is  B- 4  with  87.  Wr-  therefore  branch  on  B-4.  then 
enumerate  all  possible  alternatives  following  D-I.  B-4. 


At  this  pnint  all  cotBpleiions  are  bound*- 4  by  the  solution  14-1,  B-4.  2,  and  C~ 3.  with  the  exception  of 
if-J.  \\ .  next  modify  the  initial  matrix  to  reflect  the  condition  D-I.  by  addins  .V  (a  large  ntanberl  to 
the  D  1  rfettteni.  The  result  ins  matrix  is  solved  as  a  linear  assignment  pr««bleih  below,  with  a  reOuctijo 

ot  — — •  “  i  fi. 


1 

2 

3 

4 

_ _ 

A  ! 

4 

0 

44* 

0 

fc 

SO 

IS 

35 

0 

€ 

0 

6 

41 

13 

D 

If 

0 

0 

13 

The  highest  alternate  cost  in  the  matrix  is  35  on  I>-3.  ’R  e  hraneh  as  below 


The  matrix  given  l>-3  is 


A  i  359  256  198 


20 
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Mmjilr  mk  and  column  reduction  pvrs  a  totai  reduction  «f  §§=411 


and  the  l«»Utj»Inp  matrix: 


1  2  4 

.4 

20  0  r 

B 

9i  0  so 

c: 

0  0  0. 

is  adequate  H* 
she  optiinal  jtiluiino. 


j®*31  311  D-3  are  bounded,  and  that  we  i,3ro  dlwnered 

%  r  naw  now  completely  elaborated  the  enumeration  tree  as  shown  in  Rpire  6. 


PPASt  Ik  Tfnf 


As  no  E*.  earner  •*  £dr./>  »"  •*-’  «  X*raU<  than  «r  equal  to  2*  then  she  assi-nment  [ij\  muss  ecces- 

’T  \  *  OW3r  BoodTOiia^rJ  P3*"  PWP  «**•  *<*.  We  wiB  now'  modifv  ,!lc 

ealeulattrws  m  our  ample  poddcm  !«  meWe  ,h»  test.  We  berfn  a^n  with  the  initial  u^brum-m 

^doti,,n  IM.  C-2.  B-3.  A-4.  with  a  total  reduethm  -.1  ~  =  3%  and  an  actual  cost  ,»f— ^445.  Al 

!h;:  ‘T*  **  **  Z*=4f  Tl!i'  ^  hra,"  h  *>- 1  *  W**  «d  we  form  and  reduce  .be  s^ond  matrix 
and  sohe  for  an  optimal  linear  assluaraeRS. 


AO  2  0 

B  128  87  0 


C  0  o  22 


Redmlioii  —  H*ms 


THKh  SF.UJCH  LUHlKUilMs 


t*S2r!  *  1  'St  ul  I  nr  eaiTriit  ^slptnk  111  0~1,  \  2.  B“4.  L^3  is  403  and  tills  bmojlteS  Hit 

new  valut*  for  /.i.  A#  wsKwikm  of  the  ifirmaif  wts  »kws  B-4,  *%hh  a  cost  of  87  tnusi  be  in  as 
ojtiimal  ■Miliilint;  if  I) —  I  is.  We  then  ennint-rair  the  remalnicp  !u'o  assiauiiieiiis, 

3% 
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440  {  B-4 
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An  evaiualMtn  ««f  lite  I)- 1  brawi  iii  Hie  nripnal  redot-ed  matris  . 
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>3 
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say  sedation  »yd*  fe  sajietwa-  ta  Zf.  if  the  aheiHaie  east  of  B-4  is  iqdtM  are  find  it  it  mm 
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•Uf>  and  thewfnw  B-4  ntttsi  be  in  any  sapefftw  «i'4u«h.’:.  By  ll»r  ^mir  arpsmeni  A-j 


aaJ  i.-I  aw  dfuassipiril  We  ran  e«otplpfe  tin-  tret*I»»«e*lscBcf*»»  isfnrpdinR  io  ik natrii 
•waieif  and  on  an  itakaii-ii)  «t  the  ciTi?!j--i.-se  xilmssn  fH.  B~4.  A-2,  C  l.  TW  nwhios  *«ssifra« 
tire  is  siiwwB  is  7. 
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~  TIIKK  SKMM III  AMiOIIITIIMH  £3 

\»  •  I'filiti kctl  III  ||||<  Ini Ifiiliifllnn,  there  mi'  nnmcllmcn  CMMMl rnlnlN  in  lie  millnficil  In  /idiltlfon  In 
I-I  '  *»•  Til  lln-  I'M. Mil  linn  III..  cnmllllniin  of  (Iichc  connlrnlnln  nm  I,..  i>(Mii|ilclcIy  nlulcil  by 
xHtlnn  Sin,,)  —  ,1/  Ini'  appropriate  /,  /,  /,  mill  i/,  llic  (llanrll Iiiiih  lit  illncunncil  cun  lie  llllli/.i'il  wllliniil  ehmi|ie< 
I* "i*  rtl(t<»rllliiiiH  which,  Inc  prnhlcmn  where  ili'ii'rmliii'  clcmcnln  njj  nlmply  by  appropriately 

»i'i|iii'iii'liiu  lln1  clcmcnln  /!/,  mill  f/jv  ibci'i'  me  nnw  nl  Icani  ilirec  npilnnn:  Kiwi,  cniiMiini*  In  ili'ii'rmliii' 
°ti  I*1  •l|*'  •‘linn'  wny,  llic  rcniill  bi'lnu  n  lower  bniinil  mi  t lie  irui'  mini iniiiii  values  necninl.  ilclcrmlnc  Mu' 
1 1'"'  minimum  by  wulvlnu  mi  annljinmeni  problem  wlib  ,«</*•„  **4/  where  appropriates  nr  ililril.  ilclcrmlnc 
lln1  xi  (|iieni  iii4  nf /a  mnl  i//(,  In  llic  prenent  wny  mnl  make  mljnniincnln  I'm*  Inmlmlnnuhlc  palrlnun 
Jii,iIiii  which  rennll,  In  eneli  emm  when  .1/  wc  will  nel  M  whenever  itHHl^n nmnl  lltq)  In  inmle. 
mnl  uj,-  M  whenever  ilj)  In  ninilc.  When  cniminilnin  Invnlvliin  lliree  nr  innre  unnljdimc  nln  arc  |irenenl< 
wc  can  proceed  In  llic  name  way  except  Mini  llic  cnnnlruliiln  bcemiic  explicitly  icpn  Hi'iitcil  In  llic 
problem  ibrniiyb  llic  anil  njj  nnly  when  a  null'iclciil  number  nf  annljmmcnln  have  alrcaily  been  mmlc 
In  fiinblc  iilcnt ilii'ill Inn  nf  llicne  inml'canlblc  annlanmcnln, 

IV  PAIH.AMHIONIVIKNT  AMfOK ITI IMS 

In  cnnlranl  In  llic  ulunrllhmn  which  have  been  illncunncil  In  the  prcvlmin  nccllnnn,  bulb  I, mnl  |  I6|aml 
I'livcii  mnl  I Mylcr fll|  biiveilevclnpeil ulunrllhmn  In  which  nearcb  prncccilnnn  the banlnnla cimlrnllcil  ciiii* 
incraiinn  nl  I  In*  varlablcn  '.v  im  where  an  before  each  variable  .r/j  ilennlenlbe  Ineallnunf  plant  /  at 

Ineallnii  J,  Thene  aiillinrn  inn  view  Mm  underlying  pmblem  an  a  linear  unnlfftimcnl  problem,  bill  one  of 
annluniiiu  a  imir  nf  plantn  /  anil  /.'  In  IneaMnnn,/  anil  (/.  In  hoili  Innianeen  ( ft.  16]  llic  alffnrilhmn  (level* 
" pcil  apply  in  the  nymmelrle  Knopmann-lleekmann  problem  with  .S'y*.,, ■  Si^j « J'mIji,, 

In  (''Inure  8  In  nlinwn  l he  relevanl  unnlimmeni  matrix  for  the  problem  of  Kluurc  ,'i.  In  uencrnl,  iliere 
are  //(//-  I  )/2  palm  nf  planln  anil  palm  nf  IneaMnnn  In  the  problem, 


LOCATION 
I’A III 
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ll**l) 

168 

150 

70 

90 

24 

138 

0-1) 

2H 

25 

III 
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4 

23 

Kliiiant  H.  Diilii  fur  |»ntl»l»'iii  of  <Iiivi*il  iin.i  Plyirr  ri'iiriwnlml  In  lermn  nf  piiirn  nf  iinninnint'iil. 

However,  I  here  are  many  feanlblc  nnhillnnn  in  ililn  annijjsnmcnl  problem  which  are  not  feasible  nnhillonn 
in  llic  nrlidnal  ipimlralle  unnijinmcnl  problem,  Kur  example  h  In  enllrely  aeeeplable  In  the  linear  unnlun* 
menl  problem  for  planln  A  ami  II  to  be  annulled  IneaMnnn  I  anil  2  anil  planln  A  anil  (!  IneaMnnn  3  anil  4. 
a  nnlullnn  clearly  infeanible  for  the  original  ipimlralle  problem.  Kur  a  feanlblc  nohillnn  lo  Ihcnrifilnal 
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problem  we  must  therefore,  affix  to  the  linear  assignment  problem  the  following  additional  constraints; 
W  yijkq~  1 


Then 

T«pf —  0 

Ynpr—  0 

(13) 

Yibpf~  0 

Jufkt  =  0 

}‘  ar/i  ~~~  0 

y*trpQ  ==  o 

Yurq;> =  0* 

where  i-^uwj,  i  ^  v  ¥- j,  k&p^q  and  k  ¥■  f  q. 

Operationally  both  the  algorithm  of  Land  and  that  of  Gavett  and  Plyter  commence  by  determining 
an-  optimal  ‘linear  assignment  solution  for  the  matrix  ,4b,  and  determining  a  reduced  matrix  Aq  with 
monnegative  entries  in  w!..eh  a'iji„  —  0  for  all  variables  yijtq—i  in  the  optimal  solution.  Thereafter 
Gavel  tandPlyter  emplpyonly-a  row  and  column-reduced  matrix  Ar  at  each  node,  and  Land  employs 
only  a  coiutmi-fcduced  matrix  at  . each  node.  As  in  the  procedures  discussed  in  the  previous  sections, 
both  of  their  algorithms  prpceedlevel  bv  level  in  the  tree,  committing  one  new  pair  (i.e..  setting >*/;*,)“  1) 
'^Ldhfi’.^utipn'dt'.eaeli'.ifcyei.  and  backtracking  to  the  lowest  level  in  the  tree  having  an  unevaluated 
.branchi  iti  selccting  tlie  pair: to, be  committed  aha  given  level  in  the  tree  Gavett  and  Plvter  use  the 
.aitefnatc  cp.  t  niethod  dLL|ttte  et  al.  [20],  witile  Land  [lf>]  always  selects  from  the  column  having  the 
fewest  number  of  feasible  elements  in  the  column-reduced  matrix  Ar  a  zero  clement  having  the  largest 
^jteritit^.gbsi,’(bia|^d<oniy  on  a! t emate  &tsis  in>  t he  same  co)u m n)i -  After  committing  a  pair  to  the  solo* 
tion  at  agtven  node  in  thWree-fi.e;;  setting  feasibility  condition  (13)  is  invoked  hv  setting  the 

cpst  ^a*~.4/  for  all  yy/^^O  specified  in  (13).  and  the  resulting  matrix  used  as  matrix  A^-,  at  the  next 
.level..  !n  a  variation  of  the  search  procedures  discussed  heretofore,  however,  Gavett  and  Plyter,  after 
•selecting  the  assignment  pair  and  hence  the  variable  y,jiV  at  node  v,  apply  (13)  for  the  branch  \ip-q—  1  and 
reduce  the  resulting  matrix  Ar*  t  to  gel  a  lower  bound  on  the  cost  of  solutions  with  Yipq  =  1;  if  the  result- 
tng'bound- exceeds  the  alternate  cost  of  the  assignment  (ijkq)  they  will  at  this  point  in  the  search 
pursue  the  branch  for  y.-g-*  ~  ft  rather  than  that’*  fory//*?—  1 . 

This  latter  point  is  readily  illustrated,  for  instance,  in  Figure  9  which  shows  the  tree  elaborated 

SU  ASS&MSHTS 


KlGOSfc  9.  Tree  elaborated  for  problem 
by  fiavett  and  Plyter  algorithm. 


'In  eomparison  with  tin-  other  search  MraUprs  that  have  been  diM-assed.  this  strategy  may  entail  the  elaboration  of  a 
lonper  path  in  the  decision  tree  ami  require  burner  problem-sotvinjs  time  to  determine  a  first  feasible  solution. 
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by  the  Gavett  and  Plyter  algorithm  for  the  example  of  Figure  3.  Since  the  detailed  calculations  under¬ 
lying  the  development  of  this  tree  are  contained  in  [8]  we  shall  omit  them  here. 

As  in  the  case  of  single-assignment  algorithms  there  are  a  number  of  alternatives  to  these  patr* 
assignment  algorithms  which  may  result  in  more  efficient  algorithms.  For  example,  all  of  the  alternatives 
discussed  earlier  concerning  the  extent  to  which  a  linear  assignment  matrix  is  reduced  at  a  node  In 
the  tree  are  applicable  in  the  present  problem.  Similarly  the  use  of  alternate  costs  to  identify  mandatory 
assignments  and  the  jumping  of  levels  in  the  tree  on  the  basis  thereof,  is  equally  appropriate  In  the 
present  case.  Of  course  in  the  present  problem  the  alternatives  for  determining  the  costs  are 
inapplicable  since  Ar=af^{t or  all  v,  i.e.  the  value  is  the  actual  cost  of  assigning  plant  i  to  loca¬ 
tion  j  and  plant  k  to  location  q  rather  than  simply  a  lower  bound,  and  hence  need  not  be  updated. 

In  concluding  discussion  of  this  class  of  algorithms  we  comment  on  their  extension  to  the  non- 
symmetrie  quadratic  assignment  problem  in  which  sy*,  ¥■  s;?iy.  For  this  problem  we  have  the  associated 
linear  problem: 

Minimize  V  (sijk&ijkq + s 

Oil. Utf 

H  _ 

2  =  1  all  {ik) 

U'/>  . 

a(»-iys  uta-iiia 

2  y‘m+  2  ym—i  all  Uq) 

(i*)  tit) 

and  yijt-g,  yw~0, 1  for  all  i,j,  k,  q. 

upon  which  are  imposed,  as  before,  constraints  (13). 

As  discussed  in  more  detail  for  a  related,  multi-facility  production  requiring  problem  (or  multi¬ 
salesman  traveling-salesman  problem)  in  [25],  when  formulated  as  a  linear  programming  problem  (14) 
has  a  total  of  n  (n  —  1 )  variables  and  activity  vectors,  the  vectors  for  each  pair  yqt9  and  yi&j  being 
identical  except  for  their  cost.  Being  linearly  dependent,  at  most  one  of  these  vectors  in  each  pair  can 
appear  in  an  optimal  feasible  solution  to  (14),  this  necessarily  being  the  vector  in  the  pair  with  the 
smaller  cost.  Therefore  setting  min  (sy*,,  st^j)  it  follows  that  an  optimal  solution  to  (14)  can  be 
obtained  by  solving  the  n(n-I)/2Xn(n  — 1)/2  linear  assignment  problem  with  costs  Ijsytfjj- 

Operationally,  then,  problem-solving  for  the  nonsymmetric  problem  can  proceed  as  for  the  sym¬ 
metric  except  that  at  each  node  in  the  process  the  cost  matrix  to  be  used  is  composed  of  the  presently 
minimum  elements,  {(min  (sy*„  s^)|.  To  this  matrix  can  be  applied  any  degree  of  reduction  as  in 
the  symmetric  problem.  Upon  selecting  a  pair  of  assignments  to  commit  to  the  quadratic  ptoblem  solu¬ 
tion,  all  costs  (both  for  a  variable  yyt,  and  its  interchange  y,^,)  are  updated  as  required  to  reflect  the 
feasibility  conditions  in  (13);  for  any  pair  therefore,  min  (sijtg,  s^j)  may  increase  for  the  next  node. 
Otherwise  the  only  difference  between  the  symmetric  and  the  nonsymmetric  problems  concerns  the 
alternate  cost  of  an  assijpiment:  in  the  nonsymmetric  case  a  valid  alternative  to  the  assipiment 
may  be  the  interchanged  assignment  y)(Jy  so  that  in  this  case  the  alternate  cost  is  the  minimum  of  that 
as  evaluated  for  the  symmetric  problem  tnd  the  cost  of  the  interchanged  assignment 
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V.  PAIR-EXCLUSION  ALGORITHMS 


In  all  of  the  algorithms  discussed  up  to  this  point,  problem-solving  has  proceeded  on  the  basis  of  a 
stage  by  stage  commitment  of  assignments  to  the  solution  of  the  problem,  each  such  assignment  repre¬ 
senting  a  levelin  the  decision  tree.  Upon  backtracking  a  particular  assignment  would  then  be  excluded 
from  the  solution  and  the  forward,  assignment  process  resumed.  This  has  been  the  nature  of  the  process 
for  both  the  single-assignment  and  the  pair-assignment  algorithms.  In  this  section  we  conclude  the 
paper  with  an  algorithm  in  which  problem-solving  proceeds  on  the  basis  of  a  stage-by-stage  exclusion  of 
assignments  from  a  solution  to  the  problem. 

More  specifically,  let  us  consider  the  quadratic  assignment  problem  as  formulated  in  the  previous 
section.  Suppose  for  this  problem  an  optimal  assignment  lias  been  determined  for  the  linear  assign¬ 
ment  portion  of  the  problem.  If  for  this  assignment  conditions  (13)  are  satisfied  for  every  1  In  the 

solution  (i,e..  all  pairs  result  in  each  plant  being  assigned  to  one  location,  and  no  location  having  more 
than  one  plant  assigned  to  it)  then  this  solution  represents  an  optimal,  feasible  solution  to  the  original 
quadratic, assignment  problem  and  problem-solving  is  complete.  Otherwise  there  exists  one  or  more 
conflicting  assignments  in  this  solution  rendering?  infeasible  the  solution  to  the  quadratic  assignment 
problem. 

.  COST  -  78+28+50+1)5+90+28=389 
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Florae  ip.  Oj’liriml  Uhmc  asp-aweai  ssarires  to  ptfobk'w  si.'.’a  In  FSpow  8; 

lar all  sits jhJ-.Pt-, ^4 fi.  14)  ms-tttiw-aljV-- 

As  an  example.  Figure  Iftalsbows  a  reduced  matrix  for  *iio  illustrative  problem  in  Figure 8  in  which 
the  optimal  baear  assigmuon!  is  indicated  by  j  be  eVils  with  aheniate  costs  represented  in  the  upper 
eight  hand  corner.  As  is  readily  yeriSed.  ibtt  ispt ?fr,ai  ltnc.tr  as>igitmrnt  is  not  ftasibleTor  the  quadratic 
problejA,  e.g..  assig-.nient  (AB,  H)  i>.  inconst  ate  si  with  \BD,  23).  %BC,  34)  whb  i4(h 15)  a  ndiCD,  12).  In 
an  optimafteasible  quadratic  assignsstoi,  then,  it  must  be  true  that  at  less!  one  of  theTtssignments  in 
this  optimaf+tirar  asri^nnent  will  not  be  present.  We  can  tberrfnre  subdivide  the  total  set  of  feasible 
quadratic  assignments  into  those  ;|«1  do  not  include  the  assigronefli  ,AH.  14).  those  that  do  not  include 
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1.4C,  24).  and  so  on.  for  each  of  the  present  assignments.  The  result.  In  terms  of  a  tree,  is  as  shown  as  the 
first  level  of  nodes  In  Figure  1 1.  If  for  each  subset  we  now  determine  the  best  feasible  quadratic  assign¬ 
ment  among  solutions  in  that  subset,  the  best  among  these  is  an  optimal  solution  to  the  original  problem. 

Beside  each  of  the  nodes  <u\  level  1  in  Figure  1 1  is  shown  a  lower  bound  on  the  cost  of  solutions  in 
the  subset  equal  to  the  cost  of  the  optimal  solution  in  figure  10(a)  (the  amount  of  the  reduction)  plus  the 
alternate  cost  of  the  particular  assignment  which,  as  indicated  bv  the  node,  is  to  be  excluded.  Suppose 
we  now  choose  for  elaboration  one.of  these  nodes  for  which  this  bound  is  minimum,  say  .4#  14.  Making 
inadmissable  this  assign  mem  in  the  cost  matrix  in  Figure  10(a)  (i.e..  giving  3  large  cost  oF.4/1  and  solving 
for  an  optimal  assignment  to  the  resulting  problem,  there  results  the  matrix  in  Figure  10(b).  Checking 
the  assignment  which  results,  this  solution  is  not  feasible  for  the  quadratic  problem  either;  the  result  is 
the  tree  with  the  iiew'level  of  nodes  a-  >ho*.vn  in  Figure  11. 

hi  a  similar  manner,  we  can  now  proceed  to  select  any  of  these  nodes  with  lowest  bound,  solve  the 
assignment  problem  and  check  it  for  feasibility,  continuing  unt  il  a  node  is  reached  for  which  the  optimal 
linear  assignment  is  a  feasible,  quadratic  assignment.  At  this  point  we  would  then  backtrack  and  resume 
with  a  node  whose  lower  bound  was  less  than  the  value  of  the  quadratic  assignment  solution,  continuing 
in  this  manner  until  tlie  complete  tree  has  been  consulered. 

In  general,  it  is  difficult  to  anticipate  ibe  performance  of  this  type  of  algorithm  relative  to  the  com¬ 
mitment  types  as  discussed  in  the  earlier  sections.  For  the  related,  basic  traveling  salesman  problem 
this  general  approach  has  proved  significantly  more  efficient  than  stage-by-stage  commitment  algo¬ 
rithms  [4. 28. 29],  Undoubtedly  this  is  due  at  least  in  part  to  the  fact  that,  in  the  words  of  Shapiro  *28]  _ 
the  optimal  traveling  salesman  solution  is  frequently  quite  “close’*  to  the  optimal  linear  assignment 
solution  in  the  respect  that  a  large  majority  of  assignments  In  the  former  are  present  in  the  latter,  so 
that  relatively  small  decision  trees  need  be  explicitly  elaborated.  In  addition  it  is  due  in  part  to  the  exist¬ 
ence  of  an  efficient  dual  algorithm  for  solving  the  linear  assignment  problems  at  each  node  [29].  In  the 
present  problem  this  latter  element  will  be  equally  important,  but.  on  the  other  hand,  it  is  not  apparent 
that  site  optimal  quadratic  assignment  will  he  “close"  to  the  optimal  linear  assignment,  i.e..  that  in 
optimal  linear  assignments  the  conditions  in  (131  will  commonly  be  automatically  satisfied. 

To  pursue  discussion  in  greater  detail,  there  are  a  number  of  choices  which  must  he  made  in 
specifying  a  particular  '‘pair-exclusion"  algorithm.  What  search  strategy  Is  to  he  employed  in  selecting 
a  node  in  the  tree-  to  elaborate  next?  (even  the  conflicts  in  an  optimal  linear  assignment  solution  at  a 
given  node,  how  should  solutions  lie  subdivided  into  subsets  for  further  evaluation?  Which  branch 
emanating  from  a  node  (i.e..  which  subset)  should  be  considered  first? 

For  specificity  let  us  assume  for  discussion  purpose#  that  the  search  strategy  used  is  the  same  as 
that  which  has  been  assumed  in  all  of  the  other  algorithms  discussed.  That  is.  wc  pn>ceed  downward  in 
the  tree  one  level  at  each  succes.-ive  stage,  efutosing  at  each  stage  for  elaboration  the  node  having  she 
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smallest  lower  bound  on  the  cost  of  solutions  represented  by  the  node.  Upon  reaching  the  bottom  «f  the 
tree  or  reaching  a  node  for  which  there  exists  no  feasible,  iiondominated  solutions  the  process  back¬ 
tracks  to  the  lowest  level  in  the  tree  for  which  there  Is  an  unevaluaied  node  and  resumes.  There  remains, 
then,  the  determination  of  subsets  at  nodes  and  Use  assessment  of  lower  bounds  for  the  solutions  con¬ 
tained  in  the  resulting  subsets. 

While  subdividing  the  subsets  into  the  n  subsets  on  the  basis  of  the  n  assignments  in  the  linear 
solution  is  perhaps  the  easiest  subdivision  to  specify  at  a  node  (as  was  done  in  the  illustration!  it  is  by 
no  means  the  only  possibility  nor  probably  the  most  desirable  subdivision.  In  general,  any  subdivision 
into  subsets  at  a  node  is  permissible  which  excludes  at  least  one  conflict  present  among  the  present 
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Alt.  cost 
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Alt.  cost 

AB14 

389 

BB23 

389 

AB14 

389 

CD12 

392 

AC24 

398 

AL'13 

389 

AC24 

398 

BD23 
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ADI3 
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BC34 

389 

BC34 

389 

CD12 

392 
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assignments  (and  hence  renders  inadmissable  the  present  solution)  and  for  which  the  union  of  the  sub¬ 
sets  contains  at  feast  one®  feasible  quadratic  assignment  which  is  optimal  for  the  set  iteitig  subdivided. 

Figure  12  shows  all  conflict'  in  the  optimal  assignment  solution  of  Figure  Itta)  arising  between 
pairs  of  the  assignments.  Any  of  these  confBcts  could  be  used  as  the  basis  for  subdividing.  For  example. 
Figure  I3fai  Illustrates  subdivision  of  the  basis  of  the  conflicts  between  the  assignments  i.4C24)  and 
lADlSt  Of  course,  in  the  optimal  linear  assignment  at  the  resulting  nodes  there  may  persist  conflicts 
which  were  present  at  the  parent  node:  thus  at  node  >  )/>!3)  it  might  be  necessary  to  resolve  at  a  next 
level  the  conflict  between  fdC24)  and  (BMi 1)  should  it  Ire  present  in  the  new  solution  at  that  node,  as 
Illustrated  in  Figure  I3(b(.  On  the  other  hand,  the  conflict  may  not  appear  in  subsequent  linear  assign- 
meat  solution*  and  hence  no*  have  to  be  considered  explicitly. 

More  stringent,  subdivisions  may  result,  perhaps.  by  using  more  than  a  -ingle  conflict.  Letting 
,4C24  denote  the  event  "mil  assignment  AC24".  AC24  the  event  "assignment  A (22 »  *•©”’  logical  "or” 

(disjunction)  and  logical  “and"  (conjunction),  we  can  represent  the  resolution  of  the  conflict  between 
AC24  and  AD\3.  for  example,  as  simply: 


(15)  AC24QAD13. 

meaning  simply  that  a  necessary  condition  for  feasibility  is  the  event  "not  assignment  AC21"  or  "not 
assignment  AD  13.“  or  both.  Suppose  we  wiw  consider  the  conflict  between,  say.  AC24  and  BD23,  For 
resolution  of  this  conflict  we  must  have  A (22 4  ®  BD'23  *o  that  in  conjunction  with  (151  we  must  have  for 
resolution  of  Itoth: 

nei  (Acn  i  Jim)  •  i.icT  ®  Birih  •  =  AC24 e  {ABU-ifim} 


’Tlir  H-fd  br  motuanv  evlo-lre. 
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ulsrfnaje  *ay^  fe  partition  *n  =f  ijui*Jf2ik“ 


a?  Itptseftlcd  in  ts§sz r*?  9fch  If  desired  uc  could  c*ni£ider  In  coiijunrih.n  wHh  tbr^e  two*  say,  the  pair 
of  concficts  .4/713  and  ZfC3f.  with  the  result; 

(171  14C24  0.1/713 1  -  (.4C24©6Z>23>  -  {JMI06C34 } 

=.4C2*  - .4/713  ®,4C24  KU^ADU  ■  Him 

as  repejBitfd  in  Figure  13fd|.  or  pfriiajs  these  in  conjunction  with  the  pair  BOM  and  (11)12  as  fepre- 
wntrd  in  Figure  Similarly,  any  combination  of  the  constraints  can  be  considered,  t 

For  the  resulting  nodes  we  proceed  just  as  before  to  determine  an  optimal  linear  assignment.  where 
now  every  assignment  appearing  in  the  expression  defining  a  node  is  made  inadnusaide.  For  a  lower 
hound  for  a  code  probably  the  easiest  is  to  simply  use  the  largest  abe.nate  wist  of  the  assignment#  to  be 
excluded  at  the  node.  A  more  stringent  hound  of  course  would  result  by  actually  nwM»g  the  elements 
rtiadmissahie  and  reducing  the  resulting  assignment  matrix  or  by  obtaining  an  optima!  assignment 
solution. 

These  fllustraiintw  serve  to  indicate  the  nature  of  tire*  choice.:  to  be  made  at  a  nod*  in  the  tree. 
Referring  to  Figure  13  it  is  dear  that  (cl  is  preferable  to  (hi  since  the  resulting  subdivision  is  obtained 
at  a  sitigle  level  of  the  tree,  and  with  no  increase  in  the  number  of  nodes  at  that  level  SintUarlv  ft  can 
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be  argued  that  the  subdreiskw  in  Figure  13(e)  is  preferable  to  that  on  the  first  level  in  Figure  II  since 
the  total  number  of  subdivision#  or  node*  to  be  considered  is  the  same  while  the  size  of  each  of  the 
subsets  in  the  former  is  smaller.  Unclear,  however,  is  the  choice  among,  say,  those  in  Figures  13(c), 
(djl  and  (e),  a  choice  involving  a  larger  nantber  of  subsets,  but  each  of  smaller  she-  On  the  one  hand 
it  is  necessary  to  determine  a  bound  and/or  optimal  assignment  for  each  node.  Inst  on  the  other,  the 
subset  being  smaller  the  greater  Is  the  possibility  the  node  wfll  be  bounded  by  an  existing  feasible 
sedutbm  and  hence  not  require  any  further  consideration.  Similarly  with  regard  to  the  evaluation  af 
lower  bounds  at  a  node;  reducing  the  assignment  matrix  and/or  determining  an  optimal  assignment 
yields  a  mote  stringent  bound  and  enhances  the  likelihood  that  the  node  will  be  bounded.  bat  to  do  either 
requires  establishing  and  manipulating  the  appropriate  assignment  matrix  far  that  node  m  contra* 
distraction  to  the  use  of  the  alternate?  cost  information  winch  requires  no  explicit  consideration  of  that 
node**  matrix.  These  choices  remain  subjects  for  empirical  study. 

In  concluding  discussion  h  is  noted  that  in  practice  h  may  he  efficient  within  this  cxcIbsIoo  type 
of  algorithtti  to  be  looking  at  each  node  for  mandatory  assignments  as  well  as  for  assignments  to  he 
excluded.  As  before,  this  could  be  dtrae  simply  by  checking  the  alternate  corts  of  the  assignments 
which  occur  in  the  optimal  linear  assignment.  For  each  mandatory  assignment  discovered  the  appro¬ 
priate  teiated  assignment'  would  at  that  tone  be  made  inadtattsablc.  thereby  making  subsequent 
bounding  and  srarch  jHstentially  more  effective. 

As  an  illustration.  we  again  consider  the  problem  in  Figure  S.  and  solve  h  with  the  following 
algorithm.  For  a  search  strategy  we  use  the  same  lerel-by-Ievel  strategy  used  far  illustration  through* 
oat,  choosing  at  each  subdivishm  an  unexplored  node  having  the  smallest  lower  bound.  In  each  optimal 
linear  assignment  the  alternate  costs  of  the  assignment  #  arc  all  checked  to  see  if  the  assignment  can 
be  shown  to  be  mandatory.  Whenever  a  node  is  encountered  for  which  the  optimal  linear  assignment 
results  In  a  flonfcasihle  quadratic  assignment,  a  subdivision  is  fanned  in  the  faHowing  way.  All  pairs 
of  assignments  in  line  optimal  solutions  are  investigated  for  conflict  and  these  so  found  are  noted 
together  with  their  alternate  costs  (as  was  done  in  Figure  12).  From  this  list  is  selected  the  pair  for 
which  the  smaller  of  tire  two  alternate  cost*  is  largest  among  the  minimum  of  all  pairs:  ultimately  every 
feasible  quadratic  assignment  which  resolves  all  of  these  conflicts  must  have  a  cost  at  feast  as  large 
as  this  value.  Should  tltere  te  more  than  one  pair  with  this  same  ramhaura.  a  pair  is  selected  far  which 
the  other  alternate  cost  is  maximum.  (In  Figure  12  we  thus  select  either  the  pair  AC24-.4B13  m  AC24- 
BflB.1  For  tire  selected  pair,  we  then  search  for  other  pairs  which  hare  an  assignment  identical  to 
the  assignment  hi  the  selected  pair  having  the  larger  alternate  cast,  and  use  these  pairs  in  conjunction 
with  the  selected  pair.  (In  Figure  12  we  would  thus  farm  from  tire  pairs  AttArADla  and  dCl-flfiS 
tire  subdivision;  MC24®  dWI  •  SMlj.)  The  rescuing  subdivision  will  thus  insure  that  m  least  the 
minimal  increase  in  cost  that  eventually  must  be  incurred  will  in  fact  Ire  incurred  now.  and  possibly 
a  greater  increase—  but  without  proliferating  the  number  of  individca!  subsets  to  be  considered  at 
this  level  in  the  tree.  Finally,  other  assignments  are  sou^tl  having  exactly  the  same  conflicting  assign* 
meats  as  this  assignment  in  the  original  selection  pair  with  the  liigher  aherwate  cost  (in  tire  examine, 
aC  assignments  having  the  conflicts  with  the  same  ssrfpiments  AD\o  and  BK3  as  does  /IC24)  and 
these  conjugated  with  the  present  set  of  conflicts  itherc  are  no  such  assignments  is  the  example). 
The  result  is  a  soldivision  consisting  of  two  subsets. 

In  the  event  there  is  conflict  in  an  optimal  linear  asisiBtmt  solution,  but  no  conflict  among  simple 
pair*  «T  assignments  we  ssrnnly  choose  tire  first  subset  of  the  .assignments  disevrered  to  fa  in  conflict, 
remove  tfa  assi^inenls  In  tire  subset  not  contributing  to  the  conflict,  and  subdivide  on  lire  basis  of 
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.e  remaining  assignments— each  assipuneBt  defining  one  subdivision. 

Occasionally  in  the  development  of  the  enumeration  free  It  can  be  shown  at  a  node  that  a  par 
titular  pair  of  assignments  is  mandator,  in  the  same  sense  as  In  Section  HI,  For  example,  in  Figure  J4fa) 
we  have  a  solution  445  CL  labelled  whh  a*  which  was  obtained  as  follows:  Tlie  sedmion  to  the  linear 
assignment  proWem  obtained  after  adding  11)32  bad  a  reduction  of  445  (equal  to  the  current  best 
feasible  solution).  The  alternate  cost  of  assignment  CD12  was  19.  and  therefore  CDY2  would  Itave  to 
be  In  anv  optimal  solution  to  the  problem.  Similarly  the  updated  alternate  costs  of  ABA 4  and  BB13 
force  than  into  a  solution.  These  assignments  taken  jointly  pee  A— 4.  B—3,  C— 2.  and  D~  I  for  an 
actual  cost  of  445.  It  is  Interesting  to  note  that  the  assignments  which  are  obtained  in  this  manner 
may  result  in  a  nonfeasibJe  solution  to  the  linear  assignment  firubleni  at  that  point  In  the  emitneratloa 
tree.  For  example,  we  might  have  arrived  at  the  above  solution  even  if  BCG  were  specifically  excluded. 

For  the  t»avett  and  Plyter  proWetn  in  Figures  3  and  8.  the  tree  which  is  elaborated  »»  shown  In 
Figure  14.  At  least  for  this  problem  the  optimal  linear  assignment  solution  is  not  “dose™  to  the  optimal 
quadratic  assignment  solutinj). 
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VI.  CONCLUDING  REMARKS  1 

1 

In  fins  paper  ihtw*  class**  of  algorithm*  have  been  dtsro»cd  for  sohrog  quadratic  assignment  | 

f 

proMeas.  Regardless  of  its  class  each  algorithm  which  has  been  considered  Is  reliable  in  the  respect  | 

| 

lliat  if  carried  to  eoj»pIefl«»n  it  guarantees  the  discovery  of  an  optinral  solutkm.  Furthermore  in  finding  t 

1 

an  optimal  suhitioo  it  proceeds  fin*  to  ■  feasible  solution  and  risen  to  better  and  better  feasible  solutioRs  : 

so  that,  if  desired,  problem-solving  can  be  terminated  prematurely  with  a  usable,  if  not  optimal,  solution. 

| 

In  addition,  these  procedures  can  aU  efficiently  exploit  information  available  beforehand  repuefeg  the  i 

| 

value  of  a  known  feasible  solution  and  hence,  lor  example,  can  be  readily  used  in  conjimction  with  ‘ 

| 

heuristic  procedure  which  give*  £M«d  snb-optimal  solution*.  Moreover,  if  desired.  aU  of  the  algorithms  » 

discussed  can  be  used  with  slight  modification  to  determine  all  optimal  snlBflnii*.  or  a  swdEed  num- 

ii 

ber  of  the  most  preferred  solutions,  and  so  on. 

CoBUtBon  to  aB  three  classes  of  algoriihm*  is  the  struct ormg  of  the  quadratic  assipaearHt  problem  , 

I 

in  terms  of  a  related  linear  assigntemt  problem.  In  each  this  taler  problem  is  then  used  is  directing 

f; 

the  tree-search  process  and  in  hounding  and  dooiinasee  coioo-ir  ration*  derfpied  to  redece  search. 

W 

However.  between  the  linear  alignment  problems  used  for  the  smgle-assi^ineat  algorithm*  and  the 

I5" 

pajr-asslpimenl  algorithm  there  are  major  ditteience*. 

P5-; 

la  the  *iiig!e-a**lgnmcnt  case  the  linear  alignment  problem  Is  only  <d  dimc:i*ion*  tt  X  m  and  has 

the  property  that  a  feasible  solution  always  represents  a  feasible  solution  to  the  quadratic  assrpHnent  -  : 

m. 

jimblm.  Its  shortcoming,  however,  lie*  in  she  fart  that  the  cost  structure  embodied  in  the  linear  assign- 

1 

ment  problem  is  not,  in  general,  am  exact  representation  of  the  true  cost  stredere  of  the  quadratic 

1 

problem,  but  only  an  approximation,  Tee  effect  I-  to  diminish  the  stringency  of  the  bounds  and  dome 

| 

nance  tests,  and  to  necessitate  the  perfodte  expewfeure  of  piAtrm-*std^  lime  in  updating  the  rcjn- 

i 

rf  the  ^raf?ure. 

1 

la  the  j‘3ir-a*sigiiine!*t  or  pair-exclusion  eases,  on  the  other  hand,  the  associated  Bnear  assignment 

r 

muhtrm  is  sfenifkaslh  forger.  ?;cing  rj mis  —  1 }  Ka(s  —  I  >/2-  to  m  ito  for^r  problem  h  b 

jWissjlJe  to  icpresent  exactly  tlic  cost  slnrclurr  **I  the-  quadratic  pn-hh-H!.  However,  tin-  sfcotlcovsing  ■*!  I 

| 

this  rrpr?ccf34to  lies  in  lb*  fort  that  m  fc^stUr  f##  itt  linear  pmMrts  afd  b?iI  r*?m*iVMe  3 

1 

feasible  «ok*ikm  i*  lb*’  quadratic  pr?*filein.  j 

E*rfi  from  our  «i*-fie!ice  with  the  one  sample  problem  m  this  paf *er  h  is  cfcar  tto  the  different 

=?; 

algitihhi^  cm  pi?  rise  to  lb  «*btonto  of  quite  «fiflcref*f  |Uity  tiers  rf  staw  with  qi^r  diffrrin?  1 

| 

numbers  rf  node?  iser  F^re^  4^7. 9*  and  !4l  Itorter.  in  M  rf  tbe  fact  that  flic  tto  re^SfnJ  la  I 

I 

eht^te  and  rvatoif  ^  .^!f  im  a  tree  m  4^  marked!*  among  the  afoc-rithm?,  n  h  4Sct4  j 

1 

to  assess  the  fthsite  e&fciry  4 lb  different  algorithms  eve®  for  tins  smr.smde  problem.  In  practice.  1 

I 

morefrrrr*  fb  relative  rfictorr  mar  well  turn  ^  to  be  hfohtv  dependent  *m  the  pairicufor  form  4  lb  1 

i-'- 

qgidi^r  assfenmeni  bring  solved.  For  example,  set?  *b  coefficients  c«  in  a  problem  irib  «hicdh?  I 

? 

(wtto  ui  to  the  approximate  cost  structure  b  the  single-as^rai menl  might  1 

r 

in  fact  he  quite  io  the  IW  wi  structure  and  hence  ito  4  a^oaiihms  be  etfidrut  1 

1 

On  the  other  hand,  were  an  architect  to  pose  a  problem  with  a  forge  number  4  pairwise  mstraifits  on  1 

» 

as<igj*meMst  lb  dU&y  to  reflect  direrflc  their  in  lb  cskI  represcftialkm  rf  I 

B 

tbe  |tair*«s?ipimcfU  t=r  pab-exehaslo©  classes  might  render  tl^»  m*re  rodent.  Hopefully.  | 

1 

it  will  be  possible  to  in  format  k^s  pe  tinning  to  these  questions  trvmi  the  fTOTptuatbmal  to  J 

I 

be  reported  In  lb  suteeqwnt  paper,  1 
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II.  PROBLEM  STATEMENT 

In  accordance  with  the  above  discussion  and  assumptions,  the  original  problem  can  now  be 
restated  as  follows:  “Given  a  graph.  C,  which  defines  a  flow  network  and  limited  resources,  determine 
the  set  of  arcs,  Z*,  to  remove  from  G  such  that  the  resulting  maximal  flow  is  minimized.”  An  obvious 
constraint  is  that  the  total  resource  expenditure  required  to  obtain  Zn  must  be  less  than  or  equal  to 
the  total  resource  availability.  Employing  a  symbolism  similar  to  that  of  Cerge  [2].  this  problem  may 
be  stated  mathematically  as 

maximize  “=d>(6'}  —<b(G—Z*  i. 

subject  to  the  constraint 

X  K'  ^  K-v. 

,a • 

where  Hi  —  the  resource  expenditure  necessary  to  destroy  are  t, 

Umax  —  the  maximum  resource  availability,  and 
~  the  maximal  flow  through  network  X- 

r-  Other  auihorshave  considered  similar  problems.  Bellmore  et  al-  [  1  ]  utilize  a  dynamic  programming 
technique  to  determine  which  links  to  remove  from  a  communications  network.  The  flows  in  all  arcs 
of  ihis  network  are  constrained  tu  be  either  zero  or  one.  Wollmer  [ft]  proposes  two  techniques  for 
:■  determining  the  most  vital  link  in  a  railway  network.  The  first  technique  considers  the.  case  of  an  un* 
limited  number  of  trains,  while  the  second  assumes  that  the  railway  has  a  fixed  number  of  trains. 
Both  procedures  allow  removal  of  only  a  single  arc.  in  another  work  Wollmer  [7]  considers  the  removal 
of  it  arcs,  hut  no  resource  expenditure  is  necessary  for  removal.  If  we  set  R,~  1  for  all  arcs  in  G,  and 
n  then  the  problem  analyzed  herein  Is  identical  to  that  of  Wollmer. 

III.  THEORETICAL  CONSIDERATIONS 

The  development  of  this  section  is  extracted  from  our  previous  paper  [4].  Network  flow  has  been 
examined  extensively  by  Ford  and  Fulkerson  (3|.  and  they  have  provided  the  following  fundamental 
theorem  concerning  maximal  flow: 

THEOREM  1:  The  maximal  flow  from  a  set  of  sources  S  to  a  set  of  sinks  S  in  a  flow  network.  C, 
is  equal  to  the  minimum  of  the  capacities  of  the  cutsets  of  arcs  separating  S  and 5. 

This  theorem  forms  fhe  basis  of  a  well-known  algorithm  by  Ford  and  Fulkerson  for  determining 
the  maximal  flow.  It  is  assumed  that  the  enemy  will  use  this  procedure  to  determine  his  maximal 
flow  policy.  Theorem  T  leads  to  Corollary  1. 

COROLLARY  1:  The  maximal  flow  through  G  is  an  univalued  function  of  the  are  capacities  and 
the  network  configuration. 

COROLLARY  2:  ft  is  possible  to  control  tor  alter)  this  maximal  flow  by  manipulating  either  the 
arc  capacities  and/or  the  network  configuration.  We  shall  be  concerned  only  with  the  manipulation 
of  arc  capacities. 

Consider  now  an  arc  /  included  in  the  graph  G.  If  the  capacities  of  all  other  arcs  remain  unchanged 
then  fb(C)  is.  by  Corollary  1.  a  univalued  function  of  the  cajmcily  of  arc  i.  Let  Ci  represent  the  capacity 
of  arc  i.  If  <&(&)  and  c represent  the  maximal  flow  when  C,  =  0  and  C,  =  «.  respectively,  then  the 
quantify  Gf  =  <*>(*)  —  (MO)  could  be  called  the  critical  capacity  of  arc  i.  It  can  he  argued  that  so  long  as 
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Ci  Cf,  arc  i  is  included  in  at  least  one  minimal  cutset.  If  C-,  >  C?,  then  .re  i  would  not  be  included 
in  any  minimal  cutset  and  would  contain  a  “slack  capacity.”  Let  /(A<)  le  the  "‘interdiction”  caused 
by  the  perturbation  hi  in  the  capacity  of  arc  ».  Thus 


i ,)  =f*(C ) 

+  /(A;). 

and 

’ 

h, 

if  hi  <  o 

and  |  A;  |  <  C-, 

/(A,)=< 

—  Cj 

if  hi  <  o 

and  j  Aj  j  >Ci 

(1) 

h; 

if  hi  >  o 

and  C;  +  In  <  C* 

cr-c. 

i 

ifCi  +  Aj 

;  2s  C*  and  A,-  >  0. 

If  tlie  perturbation  hi  required  R-  units  of  resource  then  Ri  would  be  considered  as  the  cost  of  ;he 
interdiction  /(/if).  ' 

This  definition  holds  only  for  ares  included  in  a  minimal  cutset.  An  arc  which  is  not  included. in 
such  a  cutset  will,  by  the  above  reasonin':,  have  a  slack  capacity.  If  or  O')  and  ia~0')  represent  the 
sets  of  arcs  incident  from  and  to  vertex  V.  respectively,  then  slack  exists  in"  arc. 

itts'lK)  if  V  Q  <  V  Cj. 

A)  ; 

By  similar  reasoning,  slack  exists  in  are  tYorfF)  if  y  Cj  <  y  Cl,  Tlie  quantity  C‘;  Is  the  effective 

AuUi'i  *  ktbTin 

capacity  of  arc  i.  We  may  now  define  tire  slack  associated  with  arc  i.  07.  as 

i  .  -  - 

y  Cj—  y  Cijitw  (io.  <t,  &  o 

M^ln  >■“(!') 

(2)  rr,— < 

y  Cl—  y  Cj\ifw~ O') .  a-]  ^  o 

hfti  jtutn 

and  c)  —  C; —  (T;. 

Shapley  [51  lias  investigated  the  interactive  efTeci  of  capacity  variation  for  two  arcs  in  a  network. 
This  interaction  may  be  either  assistance  or  hindrance,  and  is  defined  by  the  difference  quotient 

(3)  '/,j  —  fd)(C,-c  hr.  Cj-i-  hj)  —  <h(Ci-rhn  Cj) — <b(Ci:  Cj-i  A.)  +  «fr( Ci:  Cj)}/{Aj  •  A-}, 

where  $(*  :  •)  is  the  maximal  flow  through  the  network.  C.-r  A;  and  Cj+  hj  are  nonnegative,  and  A;  *  Aj 
is  nonzero.  If  the  difference  quotient  is  positive,  then  arcs  i  and  j  assist  each  other,  and  if  the  difference 
quotient  is  negative  then  ares  i  and/  hinder  each  other.  If  arcs  i  and/  have  q.j  >  o  and  <t;  >  o.  the  slack 
could  be  reduced  by  inrreasing  the  capacity  of  arc  j.  Further,  it  would  tie  possible  to  reduce  the  slack 
in  arc  i  to  zero  by  reducing  the  capacities  of  arcs  having  a  negative  difference  quotient  with  i.  To  iden¬ 
tify  arcs  with  positive  and  negative  difference  quotients  we  quote  without  proof  the  following  theorem 
due  to  Shapley: 

THEOREM  2:  (a)  If  the  terminal  node  of » Is  the  initial  node  of  j,  then  qij  5?  a%  (b)  If  i  and /  have  the 
same  initial  (terminal)  node  qij  ^  o:  tc)  If  the  initial  node  of  i  is  a  source  and  the  terminal  node  of  j  a 
sink  qij  S5  o. 
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When  the  slack  of  any  arc  is  reduced  to  zero  that  are  would  now  be  included  in  a  minimal  cutset. 
Therefore,  it  is  now  possible  to  define  the  interdiction  function  for  all  arcs  in  the  following  manner. 

(1)  If  arc  i  is  included  in  a  minimal  cutset  Equation  (1 )  gives  the  Interdiction  function  l {hi). 

(2)  If  are  i  is  not  included  in  a  minimal  cutset,  but  can  have  its  slack  <r,  reduced  to  zero  by  altering 
the  capacities  of  other  arcs,  then  the  interdiction  function  /{A»)  is  the  variation  in  the  maximal  flow 
caused  by  a  variation  of  A.  in  arc  /  after  the  alternations  for  the  removal  of  the  slack. 

(3)  If  are  /  is  not  included  in  a  minimal  cutset  and  the  slack  rr,  eanttot  be  reduced  to  zero,  the 
I  {hi)  =0. 

The  resource  cost  of  interdiction  in  cases  (1)  and  (3)  would  be  the  cost  of  the  capacity  variation 
hi  only,  hut  for  case  (2/  the  cost  of  capacity  variation  necessary  to  reduce  the  slack  to  zero  would  also 
have  to  be  included. 

From  the  above  definition,  we  see  that  the  interdiction  function  possesses  the  following 
properties: 

(4)  |/(A,)!«N. 


(5)  /  (A;  4  hj)  —  I  (hi + hi) . 

(6)  |/(A,+*j)|«|/(*«)f  +  |/(A|)|. 

IV.  STATEMENT  OF  THE  ALGORITHM 

For  the  problem  under  consideration  the  capacity  variation  h;  would  !>e  exactly  equal  to— Gi  as 
arcs  cannot  be  partially  destroyed.  Hence  the  problem  may  now  be  restated  as  find  Z*  to  minimize 

tr=<MC)+/(;S  {-  a) 

'«*  ’ 

subject  to  the  constraint 

2  i?f  ^  Umax- 

iff 

The  solution  can  be  obtained  through  implicit  enumeration  using  a  branch  and  bound  procedure. 
The  decisions  either  to  include  or  cxdude  a  particular  arc  form  the  branching  procedure.  The  bounds 
on  the  interdiction  can  be  obtained  by  considering  the  following: 


Therefore,  by  Equation  6 


Continuing, 


rr=<MC)-F/(£{-cA 


?r  3s  d>(G) -r^  /(—  Ci). 

s’  &^{G)  +  min  2) 


(7) 


jt  3-  h(G)  +  min 


tun 

kf* 


n-c,) 


Rn 
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Hence  Equation  7  is  a  lower  bound  on  the  maximal  flow  through  G  subject  to  resource  availability 
A  computational  algorithm  for  solving  the  problem  may  now  be  described. 

In  addition  to  the  notation  used  previously  let  ?t  be  the  set  of  ares  destroyed  at  iteration  k  and 
Tk  be  the  interdiction  achieved  after  k  iterations.  Now  the  algorithm  may  be  stated  as  follows:  Begin 
with  A  =  1,  Tt—4>i  Zi  ~ d>.  Dt  =  Rm3Si.  For  the  node  “All  Arcs”  set  UBJ.G)  =  0.  Create  the  dummy 
source  S  and  the  dummy  sink  S  (if  necessary). 

STEP  1:  Lable  those  vertices  nearest  S'  according  to 

/.•=+  2  c‘ 

Set  C{  =Ci  for  all 

STEP  2  (A):  Proceed  to  the  next  set  of  vertices  and  label  them  according  to  the  following  rules: 

+  v  2  Ci<  2  ci 

MiAn  ^  /twin 

/.  =|-  2  cJt  2  c><  2  ci 

k*Tiv*  i€w~cn 

±.  N*  C\,  otherwise. 

(B)  If  /r  <  0  compute  ft—  N*  Cj—  J/r|. 

>e“U') 

set  Ci  =  C;  —  fl  1  r €«o*  ( F). 

(C)  If  /, >  0  set  a  =  Ci  I  i€« Mp). 

STEP  3:  Repeat  Step  2  until  the  vertices  nearest  S  have  been  labeled,  then  proceed  to  Step  4. 
STEP  4  (A)  Starting  with  the  ares  nearest  S  and  proceeding  backwards  consider  those  with 
h—+.  For  these  arcs  compute 

c;=c,-$ . 

where 

e=  2  Q-IM- 

(B)  For  all  arcs  having  slack  trs  >  0  (tr,-  as  defined  by  Equation  (2))  identify  those  having  a 
negative  difference  quotient.  Among  these  determine  the  minimal  cost  of  removing  the  slack.  Then  set 
Ci  =  the  interdiction  obtained  and  Ri=  the  least  cost  set  of  variations  to  remove  the  slack  oj. 

STEP  5:  Repeat  Step  4  until  no  further  capacities  can  be  adjusted.  Go  to  Step  6. 
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STEP  6:  Compute  the  quantities 


Select 

8*~  max  {8.1  li, f)t  ] 

rff* 

and 

&k=  max  {o.\R;  Aft.  n 

STEP  i:  Create  the  nodes  on  the  tree  frf  and  (f).  For  wide  (ft  compute  the  Upper  bound: 

STEP  8:  To  Branch  from  node  if),  we  set  k—k-r  1 

nt=lh-t-Hr. 

7V=7V.,-t-C;. 

Zt—Zi.tUr.  and 

Hetum  to  Step  1  and  continue.  initially  setting  all  C,  to  their  original  values,  until  Min  (A*,}  >  lh- 
Denote  Tt  as  T*.  <T«»  to  Step  9. 

STEP  9:  Search  back  up  llte  tree  until  a  node  (jF)  is  encountered  such  that  VBm(J)  >  T*.  If  more 
than  one  VBm (J)  >  T*  hraneh  fmm  the  maximum.  Begin  branching  from  that  male  hy  returning  to  the 
Step  6  calculation  at  which  arc  j  was  selected  for  interdiction. 

STEP  JO;  Select  for  interdiction  the  arc  designated  by  8*  and  repeat  Steps  6-8  entil  one  of  two 
possible  events  occur: 

•a)  M«n  {#<)  >  lh-  <Ti  to  Step  II. 

r(t, 

dil  Tlte  arc  /  is  selecfed  for  interdiction,  and  a  decision  (I)  is  incorporated  in  this  branch  pre¬ 
viously.-  (Tt  jo  Step  12. 

STEP  II:  If  Tt  >  T*  then  set  T*=  Tt  and  go  to  Step  12. 

STEP  12:  Continue  to  seareh  hack  up  the  tree  for  a  wide  with  VBm\j)  >  T*.  refloating  Steps  9-12 
until  no  further  branches  need  be  searched.  Then  7"*  is  the  optimal  interdiction  and  tlte  set  of  arcs  to 
remove  is  given  by  Zi  ~  . 

Steps  I  through  5  of  this  algorithm  compute  the  effective  capacities  for  each  arc  in  the  network. 
The  ratios  formed  in  Step  6  provide  a  measure  of  the  interdiction  obtained  per  unit  of  resource  ex¬ 
pended.  Naturally,  as  one  wishes  to  maximize  this  interdiction,  the  largest  ratio  is  chosen.  The  upper 
bound  for  not  selecting  this  arc  would  be  the  product  of  the  next  highest  ratio  and  the  available  resource, 
plos  the  interdiction  obtained  to  that  stage.  Steps  10-12  are  concerned  with  searching  back  up  the  de¬ 
cision  tree,  and  branching  from  all  nodes  whose  upper  bound  is  greater  than  the  current  maximal 
interdiction.  Dynamic  programming  could  also  have  been  utilized  to  solve  this  problem. 
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(0,  1)  HYPERBOLIC  PROGRAMMING  PROBLEMS 


pkin1 


Um 


Ate'TK^cr 


I n  ihr  ixm  *4  ^  iui*  ;  %** 

Hi  llL 


Sr  It  {i.  1|  Sj 

tf^p  2*ir»*niP?it  %m$  iM-* 


INTRODUCTION 

Problems  in  (0.  1 1  hyperbolic  prograramiii#  arise*  from  {uadiest!  situation*  where,  for  example. 
<wr-  has  to  minimize  ihe  quotient  of  *  linear  function  representing  the  cos*  of  certain  items  by  »  Etsear 
function  representing  Ihe  produced  amount  of  tb»*se  items. 

The  problem  in  its  fully  generality  consists  «f  minimizing  a  foaelwa 

* 

^  GhXi 

I»1 

t»+  2) 


alaiSO  ti  »0  i  =  0, 1.  2 . «t 

bt  jj-  fO.  I!  i—Q.  1  -  — -  -  .  ..  # 

rt  i.Ul.I: . Jnl<rf.  i—  i-2.  .  .  ..  k 

and  4i( Jt .....  i„»  are  pscodnimnlraa  functions. 

lu  the  first  part  of  this  paper  we  consider  the  unconstrained  problem  which  was  discussed  in  ti  j. 
We  describe  a  new  alptrithm  which  improws  the  one  pwa  in  flj.  In  part  two.  we  consider  the  10.  1 
hypcibnBc  programming  with  the  emtstramt#  pees  by  inequalities  no  condecfearing  pseudo-twioJeati 
functions,  and  we  drsode  a  Iwwh  and  bound  alptritta  f«*r  it. 
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PART  I  -THE  UNCONSTRAINED  PROBLEM 

1.1  Slalfinenl  of  the  prebkin 

The  pr*»hlrni  of  *0,  11  htjeihoik'  wosamminp  e®*wssis  of  eunisaa^  ite  luartwn 

m 

Flxt.  .  .  ..Xml  =  fls-i-N*  ULi, 

|sl 

ill  - 1 - -- 

ba —  5!  fc*» 


ij.  jr.=  ftt.  1 1. 

l3l  oi  7‘  P 

/,  :  * »  js  |_2, 

o.-ri.Xt 

W<*  dial!  refer  in  the  future  to  problems  1 1 L  >2‘.  and  l3t  as  problem  1. 

Wft»ti(fitod%nbcoies$i^pneraAtrassBra^lbiihe«ifi=i.2.  .  .  ..  b|  arepositi*e- 
Indeed  If  snc  K  m  null,  the  m  >  001  and  the  variable  m  roust  take  the  value  0.  Thus  in  the  folfcwiug 
ere  shall  assume  b,  >  0. 

The  approach  to  the  probfetB  1  b  ptro  in  j  I L  A  vector  U  s  ■railed  si  uptioJl  solstjot;  *rf  the 
[griLkm  1  if  A*  niinimi/ed  (ll.  he.,  the  ieBcthm  f (.1)  attains  «  dtlui  raouwaia  at  the  pets!  A  .  The 
function  FkS )  attains  a  local  tninhnuro  at  the  |w>irn  A*  —  Of.  .  .  ..  ail  If  for  any  vector!  ~  (  n,  .  ,  „r,l 

serli  ihs  V  I  r;  -  if  |  =  1  the  iaeqoaBty  fl,V4l  -S  l'(A  1  holds.  The  notion*  rf  local  and  global  atathnmst 

•*s 

are  related  as  follows: 

THEOREM  1:  Aev  Iwal  smaon  erf  the  iondtas  f  l.V  |  b  also  a  idwl  mininm**. 

The  pn«rf  ..i  theorem  1  is  given  in  JI|_  ’rage  155. 


12 i  The  algorithm 

Using  this  theorem  we  derive  an  algorithm  wfatdi  constructs  m  'ot  *T  ijdaftall  nittutnaa*  by  scanning 
just  once  tlie  set  erf  fraction*  |«  Jb;}. 

We  now  describe  the  algorithm  for  the  proMcnt  1. 

ALGORITHM  I:  Let  .V  denote  the  *rt  trf  trUeger  |I.  2 . a},  and  let  /  be  3  subset  of  A’- 

ill  ?ft/=d  and  set  the  inde*/=0 


lf.7  =  n+l 
«»+T  fli 

HI  It  —  > - -  P»  i 

**}  *  »  ’ 


rt»  i=i  um 


and 


«*  Ob  -s  o. 


(5i  Set  A  —  \ttl\anith,  < 

If 4  —  V  0- 

— *  ■ 

e.  _  jl.A 


aA  =  dpi»2 


and  1  =  1  — K 


and  si  t»i  5 
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Slop— an  optimal  solution  Is  reached. 

We  shall  demonstrate  that  the  vector  A  *  obtained  with  this  algorithm  is  the  optimal  solution  for 
the  i0.  If  hyperholle  prc^amminp  proMem.  1  et  us  first  illusirate  the  alp»rhh»  with  the  following 
ettaroplc  that  b  abo  presented  in  I1J. 

We  niiniauze  the  function  Fix,.  ....  r,i  where  the  fractions  ajb,  are  siveo  in  Table  I. 

TABLE  I 


The  ditie re at  steps  described  in  Algorithm  I  are  as  follows: 


Ill 

/=d. 

'•HUH, 

II 

o 

fit 

j~\ 

<3t 

as  2/1 » 

gl/5|  >  Iai6 

p>  lu  step  2 

fit 

II 

I'hS* 

«3» 

as  4/8— 

pi  to  Step  4 

141 

Bm_  7 

*1 

**S«e 

n 

•win 

••a 

8 

(St 

A=a 

and  go  to  step  2 

fit  7=3 

(3)  as  1/3—  ajbe<  aJ&i-  7/14.  go  »o  step  4 
<41  and  /={2.3} 

(3)  K=  {2} 

<6»  aJb*= 4/9.  go  f«  2 

fit  j~  4 

i3t  as  2/3<  4/9.  s<*  f«  4 

(4»f={3. 4J  and  ajhs— fc!4 

til  s#  to  2- 

Steps  fit  and  |3l  are  perfwaed  several  times  to  eliminate  the  fractions  9/15.  (#10,  12/83.  and  S/tO. 
Then  the  fraethm  2#6  is  retained  and  I  —  {3.  4.  *>}.  As  A  ~e  the  set  /  remains  unchanged  and  the 
procedure  terminates  by  efimmatins  the  last  two  fractions  in  the  list.  3/3  and  3/7. 

At  the  end  /  -  {3.4.91  and  « «/&• = ft/20. 

The  gWbal  solution  b  t  hr  refute 

af=l  w{3.4.9|  =  / 
v*  =  0  feV— /, 

hence  A  *  =  001 IQDQOfGO. 

The  »atae  of  Fi X*t  equals  ajh*—  SjfSK 

THEOREM  2 ;  The  soiuitnB  .V  *  chained  by  the  algorithm  is  the  optimal  solution  of  the  hyper- 
holte  »pamBi6g  problem. 


Before  proving  this  theorem  sc  t>anf  to  stale  a  useful  resBft  on  the  addition  of  fraction?, 

I  F. M MA  I?  Consider  two  fractions  Ot/fo  and  =:•*•*:-  where  a,  >  0,  i;  >  0.  i  -  1.2.  Thro  we  have 

.  la i  o*l  si+fl;  (a-.  Or! 

snn  j— -■  T-|  <~ - <  max  i~-  f  1- 

[#*  b  l#!  OlJ 

shtaeter  *0.  The  pr«:»s«f  is  immediate. 

PROOF  OF  THEOREM  2;  It  is  syffiriefli  by  Thcorc®  I  to  jinw  that  the  wdar  X  *  <4ias«l  by 
the  algorithm  1>  a  local  miotantn  «f  ibr  pnihtent. 

It  is  easily  seen  that  the  dements  of  /  olitainrd  at  the  rad  of  the  aJaurithm  are  indices  td  fractious 
ajhj  t ha*  I*5v<-  the  properties; 

a,  t  Qj 

~  ^  - «■%  ~  /■  c \  i  lot  all  /V / 

6i  Sta-e  >  6; 


fij-T  «i 


fc  M-Vfe 


=  Fl.Y*>  for  aU  jtv-l. 


*  shall  use  :hi-  property  to  show  that  if  any  one xT  »  replaced  by  i*  ;b  Ft X*t  the  wine  of  irtr 
fuitciion  increases. 

Indeed  by  Lemma  I 

Oe+£tt,-!-0j  «,*£«( 

> x:r^jrf ,x **  fttr a5i  *' ~l 

»i  kS 

and 

ea+y  n-Oj+ei  |«, 

F(.V*)  -  ^  . — rrr5  ***»!  T — , — —  for  all  ,«/- 

S»  “ 

As  '[  s  f(j*|  for  *e/  we  must  have  flat 

S: 


r(jr*)«7 - ^r- - -  for  all  jtf. 

6,+  >  o,— ®, 


TMs  proles  that  1  is  a  local  sJat'infl  jt*i  by  Thrswwn  1  a  gsobaJ  wJtfM  to  the  bywrtwdic  H^asiOTB 
proMem, 

We  note  that  the  solution  id  problem  1  need  amt  necessarily  be  unique,  horewr.  the  ala»rilhin  gr»e* 
here  produces  the  optimal  sefotioB  whiefc  has  the  Impest  possible  number  «t no*  ttoO  rariahfos. 

Fnillcrr  we  remark  the  Mfc.wins. 

a„  a». 

fflROIJARV:  !.«•;  —  •  "3  .  .  ,  »  —  be  lie-  a  fractWB  ajin  ordered  in  an  iwndecreasliis order 


inert  lite  vrrtor  i  denned  tn 


[4uln»n  of  problem  !. 


1.3  K  valuation  ami  ron!;iarivm  •»?  ihe  AlEtrillnii  1 

"life  alsorilBH!  I  dcscribr-d  here  and  lb e  «*re  dr»?crSbrd  in  |1J  pzar  IS5  lliaJ  vt  denote  as  alpujihia 
i*.  were  iwib  ponsatniued  in  Fortran  IV  ast§ utilised  to  fiou  the  optiaal  «rtata»o  rf ibrf»®>Me®«l4»i2i- 

1,11  aim  ilif  ftwlsw  fli/i,  i - #.  i . n  arc  randonih  ptwrWrd(j».  mJp,  w-  Mlnimfea  integers 

belween  0  and  10U0(-  The  work  was  done  on  a  CDC  6100  n-nipoler.  For  raises  nim-  l1-7'1  Il0#*|  l®PO 
this  experimrfif  was  repealed  100  time*  and  the  «emra§  proressing  time  for  earn  slf&mhm  to 
dx-iMlMian  «<S(w»nW.  A  wsansaryofiltc  nn^fiirMhai^^tfijifaiBnpm*  iakeffinmcli 
b  wr  have  pMlrd  ibr  averj^r  cMqnliiv  lime  (in  seel  t»»  attain  a  mAukw  m  a  fttnbfan  tM  a 

One  rra&rs  sbal  In  Inc  range  studied.  tic  average  rontjMting  i:»v  fm  b*«b  rdpnntkiB*  iBrjTasr-s 
alum*!  linearly  wish  #•;  the  lift*-  rosTcsptwfiiig  in  atomths’  J  i; =?.  b«fwr.  a  smarter  slope  thm  ibr 
iiw  for  algorithm  I  *. 

An  inlwslia  j  «tf  atoifttlwn  I  i*  fhai  the  manlier  of  animiHical  w  bacal  nprrafttwv  it 
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satisfied-  This  does  not  "he,  in  general,  lire  optimal  solution.  Consider  the  following  counterexample 


We  want  to  minimize 


t'oj _ 1  oj  4  _ 1^ 

1>„~ 2'  a, “5*  hr  i 

fly  +  «  I  ,t|  +  tl  tX-i 


/fy+  +  htX* 

where  <i\Xt  -r  <hx?  >  0. 

It  is  easily  seen  that  the  solution  if  (0. 1 1  and  not  ( 1 .  Oh 

THEOREM  3:  If  the  vector  A’*  —  (*f,  .  .  ..  ,vs)  minimizes  (4)  with  respect  to  the  constraints  (7). 
and  if  /  is  a  set  of  integers  such  that 

xf  =  1  ie/C.V 

.ri  —  Q  1€.V —  /. 


then 


FIX*)  - 


Hu+S  «<• 

.  tif 


b*+2bi  l>; 


jeS'  —  I. 


PROOF:  Let  us  suppose  the  contrary,  that  is 

flil+  2)  m 


hi 


n j 

>~r  for  one  — 


b,  +  2]  k  bj 

hi 


Tlien  by  Lemma  1  we  have 


On  f  ",  -t-  21  «*■ 


ti 


bo+bj-r^bj 

hi 


<m  i. 


Because  the  vector  (*f.  •  .  •>£?,  .  •  .,  it  satisfies  the  constraints  t7)  and  hence  X"  i«  not 

the  vector  minimizing  (4).  a  contradiction. 

The  solutions  of  the  constrained  and  unconstrained  problems  are  related  as  follow  s: 

COROLLARY  3.1:  Let  us  denote  by  A"  the  vector  that  minimizes  |4>  and  has  the  smallest  possible 
number  of  non  null  variables  and  denote  by  A’*  a  vector  that  minimizes:  (4)  and  satisfies  the  set  of 
constraints  <7).  Then  A  "  ^  A®.  This  follows  directly  from  the  last  theorem. 

COROLLARY  3.2:  Let  us  detmteby  A*  the  vector  which  minimizes  i4j  and  has  the  largest  possible 
number  of  non  null  variables.  If  this  vector  does  not  satisfy  the  set  of  constraints  t?)  then  A'1  <  A'®. 
Tltis  corollary  mates  dial  if  no  solutions  of  problem  l  satisfy  the  constraints  i2).  A’*  lue-  ss  .itm  null 
variables  all  the  non  null  variables  of  A'1  and  others  in  addition.  This  leads  us  to  consider  the  following 
problem  which  is  that  of  minimizing: 
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(tulbtt  <  ttilbj  i—  1.2,  .  .  ..  m. 

««  ^0,  tm  >  0. 

and  subject  to  the  new  set  of  constraints  deduced  in  an  obvious  way  from  the  old  ones 

(II)  ftt*! . Xm)  >6| 

gj-(.v . -  X,„ )  >  Gk. 

This  problem  is  referred  as  problem  3  and  we  denote  by  {*?.  xt,  .  .  x%)  a  vector  which  minimizes 

(8)  and  satisfies  the  set  of  constraints  (1 1L  this  with  the  smallest  possible  number  of  non-null  variables. 
Let/  be  a  subset  of  the  set  of  integers  .W~  {1.2.  .  .  .,/?/}.  where 

xf=*  1  if  id 
x? — 0  otherwise. 

then  we  have  Theorem  4.  -  -  ' 

THEOREM  4:  The  vector  tr,*,  .  .  .v,*)  and  the  set  /  described  above  must  satisfy  the  two  fol¬ 

lowing  properties.  — 

02) 

and 

(13)  If  the  integer  jel  is  such  that  «,//*,=  max  laijOi) 

thentr* . if.  .  .  .,*„)  does  not  satisfy  the  constraints  (11). 

PROOF:  (12)  is  a  transcription  of  Theorem  3.  We  need  only  t»  prove  that  ( 13}  holds. 

By  Lemma  1  and  since njha  <  we  have 


«*+  2)  Ul 


hm-i 


F( X*)^r-  3«1<J 
bj 

thus F{x*..  .  ..Xf . x* ) «  Fix* , .  .  ..**). 

If  (13)  does  not  hold,  i.e.,  if  ( xf.  .  .  ..  Xf,  .  .  ..  .vj®(  satisfies  the  constraints  (ill.  then  we  either  have 
a  better  solution  than  the  one  given  liy  X*  or  at  least  one  solution  with  a  smaller  number  «f  non  null 
variables.  In  both  cases,  a  contradiction  results. 

We  m*w  describe  an  algorithm  *IiU,j  gives  a  solution  to  the  hyjK-rlwdic  programming  problem 
with  the  constraints  given  in  1 11 ). 

We  shall  describe  the  information  needed  at  each  stage  of  the-  algorithm  and  the  procedure  to  up 
date  this  information  fn»m  one  stage  to  the  other. 

ALGORITHM  II:  At  the/th  stage,  the  algorithm  generates  a  vector .Vs  =  (af.  . .r‘i  which 

Riinitnizes  (8)  in  the  class  of  vectors  that  satisfy  (11?  and  that  have  at  most  /,  —  1  non  nub  variables.  It 
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also  generates  a  set  C*  of  vectors  defined  as  Follows: 


A  —  (a'i  .  ,  ,  ,,  Xm)&h  if,  and  only  If. 

i~t 

—  X  does  not  satisfy  (11) 


«  y!  for  all  j  such  that  xj~  0 


\rF{X)<F{X*). 

To  advance  from  stage  k  to  stage  k-f  1  one  proceeds  as  follows: 

Set  A1* 1  ~XL 

For  each  vector  A  'eCi-  from  the  elass7.(A'*)  of  vectors  A =  ui.  .  ,  ,.xm)  with  the  following  properties: 
..  .  •  f-A"<A'  .  .  • 


=i  S 

J  ,“l  ..  ; 

1  a- 

i-?F(X)  =5 ~y  for  allj  such  that  *,-=0 

1  .  1  -  ■ 

t-F(X)<f(X^‘). 


Let  us  define 


Cr,  U  {Aj,Ve/.(.V'}  3Mt|  X  does  not  satisfy  till} 

x-*rt  . 

If  mir.  fi.VKf(,V‘*')  where 

w.,*., 

C*+I  —  U  {.V}.Vef.{A")  and  X  satisfies  (II)} 

set'A't‘,=A  *  where  A'*  is  a  vector  in  Cjf. ,  such  that  F(X*)  —  min  F( X). 

IfCt-!  s=4>.'£etX*—Xk't  and  stop.  An  optimal  solution  is  reached, 
if  Q.  i  #  4.  go  to  step-i  ri-2. 

Atstage  I  weiet,¥'=  (1. 1,  .  .  1)  andCi  — (0.0.  .  .  .,0). 

This  termisates  the  description  of  the  algorithm. 

THEOREM  5:  If  the  procedure  stops  a!  step  k-r  1  then  A4’*  is  the  vector  which  minimizes  (8) 
and  satisfies  (II ).  This  with  the  smallest  possible  number  of  non-null  variables. 

PROOF:  Let  A  s  be  the  vector  which  minimizes  (8)  subject  to  <5>  arid  has  the  smallest  jK-ssible 
number.  say  r,  «n  non-null  variables. 

I.et  j  be  the  integer  such  that 

fit  Q} 

a,*  s4  0  and  —  *  —  fitr  all  i  such  that  x .*  s4  0. 

3  hi  bi  ' 

By  Theorem  4.  u  *,  .  .  .,  Mr,  .  .  x*)  does  not  satisfy  (5).  also  <_**,  ,  .  %*,  ■  .  ..  a  is  has  i —  1  non- 
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null  variables  and  we  know  that  Fix*  r*  „« 

that  has  at  most  r- 1  non-nuU  variables' a, uisatisfiestll)'  "  '  '  *  ^  '*  “y  VeC*°r 

Also  it  is  easily  seen  that 

h  lX‘ . £i'  *  '  -  xi}  K  'fL  for  al1 1  such  that  x*=0  and  k  ~  j. 

Hence  the  vector  tr*  5*  ~  . 

f- ,f  *he  P-edur.^  ;;  staged  1  ^  «“  ^  JfJ ^  f 1  ,at<*  ,he  "»«* 

variables  of  A"0  and  to  set  Cf* ,  =  X°  and  X*'  ‘  =  ( 1  ]  J}"  J'ere  .s  is  the  number  of  non-null 

EXAMPLE:  This  is  the  continuation  of  the  first  examoie  -  -  . 

"  examP‘e*  *e  want  now  to  minimize  the  function 


IS 

X  a>Xi 

fio-rj*  b;xi 


with  the  restriction 


ti 

a*+2  a‘xi>  1R. 

»i 


The  solution  to  the  unconstrained  problem  i 


*•-(0,0. 1,1, 0,0. 0.0. 1, 0.0). 

Im  F™ c"~  -  *-  -  a*. 

Tie  algorithm  starts  at  staae  4  whpro  f'  v*  _ _ ,  ,  , 

gc  +,  wncre  C..,  and  A*  are  defined  as  follows- 

STAGE  4 


STAGE  5: 


^=(11111111111).  W)  =  0.  JH6 

c* = {A*1}  =  (001 10000100) 


(01110000100) 
L{X*) »  COOIIOOOUOOJ 
(00110000101) 
[(OOllOOIOIOO) 

(01110000100)  =  )', 
ts=  (001 10001100)  =  )j 
,(00110000101)  =  )'. 

':  =  (00110010100):  Fix-)  =0,444 


STAGE  6: 
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STAGE 


l(¥o  =  {011 10000101) 

L(¥i)=  (001 10001 101) 


UVr.)  = 


'(01110000101) 

(00110001101) 

.(00110010101) 


Ce=(0111000010l)=z 

Xs=  (00110001101):  Fi.\e)  =0.422 


UZ)=4> 

C?=4> 


The  solution  is  then  (00110001101)  =.V*  with  F(X*)  =0.422. 
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Abstract 


tfoneralard  I-asarisc  Mtitsiplwi.  are  ij.f‘1  is  4cic]*<S'  an  mptankm  for  a  l«pe  «t 

niu'l:]ir<<!ui-l  sinjae  prti.  J  pnidarlptn  l-hnnhip  piuhiclg  ithirh  mtatw  iji^fi.nlmurtirs  ,,f 
the  diairr  vanVsy.  jentil  fghpiriifs  *4"  the  ClU  Iccimnjoe  ^rr  dndtipid  for  this 
da»  cf  pmUrm*  and  from  ibrse  pf-perlws  an  aU-iil'mi  b  nfaalaed.  The  |tr»ib!«a  .4  r«- 
'*‘*‘1112  life  saps  s*iilcii  .lie  comm®  i.y  l!te  CAM  pnetdmr  i-  MtUrmL  and  ur,  ••\amjT<‘ 
raroWss  a  tjttadrath- c»#l  fonrtiun  b  npfored  in  artal 

1.  INTRODUCTION 

This  paper  continues  and  extends  tlie  type  of  investigation  reportsd  in  an  earlier  paper  [4J  desSgp 
with  applications  of  ( *ent- rali/ed  Lagritrs;  Multiplier*  to  a  class  of  production  planning  problems  winch 
Involve  fixed  charges  in  the  form  of  setup  limes  and  costs.  The  method  of  Cietwrafized  Lagrange 
Multipliers  was  developed  by  Everett  }SJ  for  the  general  mathematical  pregramminu  problem. 

iPi 

mas  f\x) 

s.t.  lijix)  «  bj.j-  1 . nt. 

where />  is  some  subset  of /?•  on  which /and  g>i=l.  .  .  ..  m.  arc  real  valued.  The  principal  part  of  the 
C»LM  technique  requires  solution  of  the  problem. 

max  [F(x.  A)  J 


where  F  is  the  Lagrangian. 

F{  t.  A  t  =f(x)  —  j  Ajg;(jr). 

and  the  multiplier  values  hi,  are  fixed  and  nonnegativc.  Everest  proved  that  if  xm  maximizes  Fix,  At 
over  the  set  ft.  then  x*  is  optimal  in  problem  iPj  modified  by  replacing  the  value  of  %  with  c,lx°). 

j~  i . m,  In  order  to  solve  \P)  for  a  specific  b.  it  b  easily  shown  to  be  sufficient  |2j.  [6J  to  find 

a  A*?=  0.  and  an  xs  which  maximizes  Fix.  A*t  over  D.  such  that  fijlx'l  *&.  andA*(©(x*i—  B/t—O, 
j—  1 . m. 

In  this  paper  we  consider  a  single  period,  multiproducf  production  planning  model,  for  which 
we  develop  a  procedure  for  obtaining  a  set  of  multipliers.  A f .  for  which  under  r  ntain  condhloos  the 


-TTa,  work  '  i-  Mpf-Ord  to  lb»  OfTtrr  *4  Ns»«I  Rwairii.  C-n-trart  V..  NOOOU-ftT-  V-fOdi  -mCKiMWiT-lWSv 
stkwt  «f  BwsJne**  Adwtabrroiittji,  Ldunay  of  North  Cnofioa  a  Ch^et  HS. 

“Dtiwilitiret  .J  Staiblks.  E  rtwfrty  *4  Norltt  CanTua  as  Chajirt  It®. 


Preceding  page  Hail 
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above  ojrtimalily  conditions  are  satisfied.  The  model  is  related  to  hut  different  from  the  one  investigated 
in  |6j-  A  general  algorithm  is  described  and  a  specific  case  involving  quadratic  cost  functions  is  explored 
in  detail. 

in  the  general  model  the  objective  is  profit  tnaximizaihm.  unit  revenue  is  imi-iant.  and  every¬ 
thing  prodaced  can  be  sold.  A  constant  produetbm  rate  is  assumed,  each  ptoduct  produced  requires 
a  setup  time,  and  the  total  time  available  is  Broiled.  We  assume  the  cost  incurred  in  producing  a 
proihu-t  can  be  expressed  as  a  function  of  only  the  total  time  (setup  plus  productloni  allocated  to 
that  product  and  that  the  exist  of  time  allocated  is  given  by  a  convex  increasing  function.  This  might 
lie  justified  by  an  assumption  that  prices  of  aggregate  inputs  (including  possibly  labor,  raw  materials, 
facilities,  etc.  I  are  increasing. 

For  each  product  /=  1 . A',  let 

j  ,  =  total  production  hours,  excluding  setup  time. 

Hi—  revenue  per  production  hourf>  0). 

S,  =  setup  time  (>  0). 

C;‘£  j  =  a  strictly  convex  function,  defined  for  all  f.  nonnegative  and  Increasing  for  f  3s  0-  Ci(()  is  the 
cost  of  allocating  a  total  of  (  bouts  to  product  f.  We  shall  assume  CjfO)  =0,  Cj  is  twice  contin¬ 
uously  differentiable,  and  C\  (.Xi)  unbounded- 


${£)  = 


Oiff-O 
1  if#>0. 


tt  —  a  constant  giving  the  total  number  of  hours  available. 
The  problem  is  then 


(1-1) 


a 

max  2)  [ffiXj— C|(jq+6Ui)Si)3 

i»I 


<1.2) 


A 

S.t.  2  lxi+5(x;)5ij  «tr 

i=>t 


Xj  &0.  i  =  1 . A', 

Since  this  version  of  the  nwidel  contains  only  cote  constraint  we  will  need  only  one  I .a  grange  rouhipiier.A. 

2.  MAXIMIZING  THE  L.4GRANGI.AN 

At  this  point  we  wish  to  employ  a  nondegeneracy  assumption  that  for  each  /.  If  product  r  were  the 
only  product  in  the  problem.  then  it  would  be  profitable  to  produce  thal  product  up  to  some  positive 


Fnam  I. 
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level  Thai  is.  for  at  least  one  value  of  x,  >  0  we  have 

#  ». -CU. >a 

By  the  fart  that  Ct  is  a  convex  strictly  increasing  function  with  value  zero  at  the  origin,  it  follows  that 
the  above  nondegenerwy  assumption  implies  K ,  >  1=1.  .  .  ..  K.  This  situation  Is  exhibited 

in  Figure  I „  from  which  is  is  apparent  that  ifff,  were  not  preaterthaiitJtS,-|«  then  RiXi—CAxi+Si)  <6 
for  each  xt  >  0.* 

For  the  problem  under  oinshdcration  the  Lapanpsa  function  is  given  by 

Fix .  hi—  y  { (R;- AJij “C;(ij+ —  A6(j-/jSjJ. 


The  rule*  for  maximizing  this  function  arc  derived  in  the  appendix.  For  a  given  A  Sff  0.  let  jr*fA)  denote 
the  production  plans  which  maximize  the  1  .agranpan.  For /=  1.  .  .  ..  A  t 


t2.Il 


v*(A)= 


c,{Hs  -A)  —Si. 

0  or  cARi — At)  —  Sj. 
0 


if  0«  A  <  Ai: 
if  1-ii 

if  A  >  A., 


where  A,  » the  unique  zkto  of  the  function 


•2.2 1 


Hitk  )  =  {R,  -  A)  {cif  ft  -  A) -SA-CAniRi-kt  1  -  AS, 


«n  tile  open  interval  t'Q.  ff,-— C,'(S,)i-  For  the  time  being  there  is  an  need  to  tfertinsristt  l-rtween  the 
possible  alternative  values  of  x,*(A)  for  the  -ase  A  =  A,. 


3.  CONSTRAINT  AND  OBJECTIA'E  FI  ACTION  PROPERTIES 

In  this  section  vie  consider  ihe  effect  in  the  pr«ducti«it  time  constraint  of  using  a  production  plan 
from  t2.ll  which  uisriniws  llie  Lagrangian.  Define: 


s 

Tik)  -  V  f*.TA)  -r SfxfCA » }Sn : 

»«l 


?  t  A  J  is  then  the  aggregate  time  allocated  to  production  and  setup  by  the  plan  a  *IA  j_  Because  of  the 
existence  of  alternative  optima  in  <2.1 L  F(A)  i>  multiple-valued  for  some  values  of  A.f  In  this  ease  the 
symbol  Tiki  will  be  used  to  represent  any  one  of  tin  possible  values.  Discrimination  among  these 
multiple  values  will  be  provided  as  the  developments  ret  juice. 


*Thr  MO  -  «f  H.  >CAS,t  i*  <:-r.  ■  ’  anj !) :  .*  k'-cr  k  >.  -  Jf.l  i?  m  1  '-lijir  u.r-  tr  ha»r 

eatfc  5  “C.IS.l  *  ‘H.  —  I;  K. ter  haod  Mr  t4  (K*  H  gesahr 

N  f^rli  i„ 

'  ^  f2Ji €=|-| fb*  rum^Cl C-Lllyi  b Cf'| |) g|.  ^ •! 
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PROPERTY  I:  If  m)  >  0  and  A*  >  A.  then  7«A  >  <  FCA), 

PROOF:  If  T< A )  >  0.  then  iflAI  >  O  for  ai  least  one  i.  If  jrf IA»  >  O, (2,1)  implies  A  «  hi.  and 
.t;‘  i  Ai  ■ ,  <  77 ;  —  A  i  —5.. 

a)  If  A  <  A'  *  A|.  then  .vfiA'l  <  ifiA)  either  because  .if  tA,  t  drops  to  zero  or  because  *,!  •  1  Is  an 
increasing  function  of  its  argument. 

bl  If  Aj  <  A'.  a*tA'l  =0. 

PROPERTY  2:  For  A  sufficiently  large.  F(AI=0, 

PROOF:  If  A  >  max  (Aj :  *  —  I.  .  .  ..  A']-  i"  i  A I = 0.  i—  i .  .  ...  K. 

PROPERTY  3:  1 1  !  A  >  0  be  fixed  and  lei  ~(j)  be  a  permutation  of  the  integers  I.  .  .  ..  h.  such 
that  A.-i : , A=r-i*'  .  »  .  ’SA-j*».  For  convcnienre  it  will  be  assumed  that  these  inequalities  can  be 
taken  a#  strict.  Abo  define  A-mi—  0.  Then 

It  For  AEii-ii<  A<  A=;f,.  /=  I . A.  T>  I  is  a  single  valued  continuous.  strictly  decreasing 

function. 

2t  At  A=Aso».  •  ■ . A-  7*1*1  has  a  discrete  jump  of  the  amount  CrvjITfspj— Arpj). 

3)  Fork  >Aotti.riA)“®. 

PROOF:  O  inclusion  3)  is  a  restatement  of  Property  2.  Now  consider  part  It.  and  1st  A  beany  point 
in  one  of  the  open  intervals  iAr,;_ : A-hijI*  l—  I.  ....  A.  Since  A  <  A-p>  it  follows  from  (2.1)  that  for 
for  j  =  /-  .  .  ..  A. 


aSj»(A)  =  c-,ji(A-tji—  A)  — N,.fS: 

whereas  for  j—  1 . 7—1.  =  0.  Thus  Ft  A)  is  single  valued.  and 


T( AJ  =  V  (J*y,CA)  +S^»)  =  V  c=0)(Aru»-A). 

/*» 

As  A  varies  on  the  open  interval  trot  a  Arp.o  i«  Ar<  >_  Ft  At  is  strictly  decreasing  and  continuous.  I»e- 
cause  each  ol  the  functions  c.s.n  *e  increasing  and  continuous  in  its  argument.  Tins  establishes 
conciu*s*>n  1». 

Now  consider  the  case  A  =  Ar*»  for  some  /e{l.  .  .  ..  A}.  By  l2.il.  either  rj,..)  A  j  — -  0  or  v2jn<  A)  ~ 
rto —  A=pt)  —  however,  we  need  not  he  concerned  at  this  point,  with  the  precise  value  of  F 

at  A  =  As«.  Rather,  we  focus  on  limits  of  F  as  A  approaches  Ann  from  cither  side.  In  particular,  as  A 
approaches  Arm  from  below  we  twee 


ism  I . : A)  —  f~—  | t ^  N zr* ■  I  A rfff)  NrVf». 

and  thos 

lint  Ft  A)  =N*  rnjjtRrie,— A-.j,t; 
t3.li  fTf 


mi  the  other  hand  as  A  approaches  Ann  fmm  above  we  have  u,  dbO  for  A 


(3.2l 


!im 


* 

F(A|  =  Y  “AtiiiS, 


and 
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where  A(%)  denote#  monoionie  convergence  from  below  (above).  Equations  (3,1)  and  (3-2)  imply 
lhal  7*1-1  has  a  discrete  jump  at  Ar,j:  by  the  amount  CstniKsm~~  irinl.  completing  the  proof. 

These  properties  «f  T are  port  rayed  on  Figure  2,  where  the  T  values  at  the  points  A,  are  unspecified, 

7TAT 


j=l 

X 

I 

i*2 


:Ci;'Na) "  l*u>] 


c«o)<3><j) "  >*o)> 


A 


K 


- n - **“  x 

A*<0)  X*(l)  \<2)  Xrt(X-l}  K(K) 

fuel 

On  the  basis  of  Property  3.  the  main  portion  of  an  algorithm  for  the  original  problem  in  (1.1*  and 
ilXi  ran  he  staled,  increase  A  from  *rro  to  some  value  A  such  flat  T(A )  —  if  If  possible.  Then  the 
associated  production  plan  is  an  ©primal  solution.  Tfus  felinws  front  the  properties  of  the  CJeneralheed 
lapaM1  Multiplier  technique  proved  by  Everett  |5J.  If  this  procedure  is  not  possible,  then  re  is  said 
to  be  in  a  gap.  This  means  there  is  as  fell.  ....  A'},  such  Slat  when  k~  A-u»  each  rf  the  possible 
values  of  F(A>  i-  ettbrr  <  rr  nr  >a.  but  for  each  *>0,  Ft  A— e)  >  isr  and  7(A-t-e|  <  *r.  We  can  in 
this  case  construct  lower  and  upper  hands  on  the  optimum  solution  and  thereby  tun her  refine  the 
alpwiiftm  for  the  case  when  ar  falls  in  a  gap. 

Sajqe*se  for  the  sake  of  convenience  that  tire  products  are  numbered  in  increasing  order  •»!  the 
values  Ai.  Le..  A»  <  A-  <  .  .  .  <  A*.-  Tire  following  result  will  l*e  of  interest. 


PROPERTY  4:  Supfuere  A  =  At  for  some  /.  1  s A. 
a 

ai  if  =  ^  tire  chiral  jmohictt*»n  plan  is 

P 


fO 

i  |  | 

i  f 


.  /=  i . /-i 

i  rARs  -  Ad ,•-=/ . A*. 


t»t  It  Sr~  y  c.lAi  — Aj».  the  optima!  production  phs  is 


|0  .  /=! . / 

itjiRj  —  kit  —Sf.  j—l -el.  .  ,  ..A'. 

PROOF:  The  wwfaiofu  f<4tn*  from  the  faei  that  both  plans  maimirf  tire  laaangtn  f«r 
A  —  A».  Thus  if  the  resource  availability  i-  u  — the  plan  jo  ai  must  Ire  ♦•iilima!.  whereas  it ;« —  ar.  the 
plan  in  hi  is  optimal,  «s  a  cvmseqsrwe  of  the  prepefiie?  n(  the  GI.M  lecbnique. 

for  the  case  a,vr<#.  se  will  use  the  resnhs  ft  Property  4  to  develop  lower  and  upper  Imands 
on  me  optimal  value  ©§  the  objective  futtcitoo.  Define  Af(re)  =  foaiimutn  pr4i!  aSianaklc  for  resooree 
level  m  (see  figure  3t,  We  have  from  Proper!  v  4  that 


Fm*3, 


w—w—ctlRi—ht) 


and 


.VC*) — Vue)  -  Rt{ci(Ri — hi i  — S»)  —CitcARt—  A«t ). 


From  tesahs  in  {6]  is  follows  that  the  function  V(-)  has  a  linear  support  with  slope  A=A#  a!  u-  and 
a:  that  is 


*331 


|  far—  telij-KVCft)  *  M(x).  all  «r 
\  Cw— wlAi-e  V(*)  *  V(*f).  all  it. 


By  substHotiag  »c  in  the  first  of  the  above  inequalities.  and  #  In  the  second.  it  can  be  seen  that 


*3-4) 


A,= 


.»/{*) -V(w) 
w-m 


and  is  follows  that  the  two  upper  estimate:  in  (3.31  we  equally  tight  upper  bounds  on  Vtirt  for  net*-  #t-t 
It  will  now  be  useful  to  define  the  feat  profit  function,  for  i—  1.  .  .  ..  If; 


f’Axt) 


Rixi~CilM,+S,), 


tf  Xi  >0 
*<  =  0. 


Thus.  Pi  gives  the  eomributkm  to  lota!  real  prom  accruing  from  the  allocation  of  x;  lirae  units  ieadted- 
ing  setup)  to  the  preduettoa  of  product  /.  It  is  dear  that  as  x§  approaches  mm  from  the  isgbt.  P,  ap¬ 
proaches  the  Emit  — GifSjl.  Also,  for  >  0.  P»  is  strictly  concave  with  a  unique  global  marinicra  at 
x,  which  satisfies 


R.-t.Ai-rS,}  =«.  or  Cil  R,i -Si=Xi. 


There  crisis  such  a  value  because  Ct  is  strictly  increasing,  unbounded,  and  C'(S,|  <Ri  by  the  non 
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degeneracy  assumption  of  section  2,  Abo  note  »hat  -<tf,.rO<.,  i;  and  hence  P,  is  increas¬ 

ing  in  the  range  (0,  Mi  1  with  a  unique  zero  in  ihk  Interval.  say  at  jrf.  Inen  for  product  i  to  make  a  jHeiliie 
contribution  t«  total  profit,  mote  than  rf  wturs  must  he  alloMtd  to  actual  iwducting  lejtdudiog  setup! 
of  product  £.  We  also  note  that  in  the  case  where  xff  iii-r.lR.—ksi—S,.  we  bare  rf(ii)  <  Mi  and 

/',(*■*  t  a  =  -  l  >  (A*.-  A  -G»afti)+Si|-XjX=foUffi,|.  i)=0.i 

llencc-  x?  <  xff  AO  <  Si. 

N-.W  suppose  {r  is  in  a  *sp  t*hich  «scvur»  at  A  .  and  su|tpnse  tr-raf  +  &<  ir  <  « .  TWs  means  that 
there  is  enough  time  remaining  li.e.-ir—  tci  so  that  positive  profit  could  be  made  from  the  production  of 
product  I.  In  this  case,  tf  we  set  xt=s'—.S*—H’.  we  ran  increase  the  profit  from 3f(i«=l  to Mits?-*- Pilxil 
and  still  remain  feasible.  Note  that  I'ijnj  >  0  because 

‘-3*3*  xt<Xi<olJL  —  ki)—Si<  St. 

Thus,  fm  mlw.  <?).  the  gap  occurring  at  k:.  for  «  tt  <  £>.  and  for  the  prodoctine  plan. 


t  —  1,  -  .  .../-I 


Xi*  -  l  St  -Si— XT. 


ci(R,~  Xf)  -v.  /=/+  1 . K. 


the  number  life}  .  iMt/  *  *s  a  hint  boaad  w  the  optimal  value.  Iff  scj.  The  following  result 

shows  that  4.6|  is  red  reriuyL 

PHOrtKTY  a:  Suppose  ir  »  in  a  gap  which  sttart  at  Ju  and  suppose  aei*”$<  ur <  f.  for 
some  fixed  I  <  A'.  Then 

lf<*)  >  mK)+PtlK-S,-*). 

PROOF:  £m  ploying  i3.fi).  we  have 


1*1  ( d}  —  R,  —  C.  (x?  -r  .S.)  =  X,  >  0.  f  =  /  4  i .  .  .  _  X  . 


and  for  f - 


f‘  m  1  =  A’  -f,  fx*-§-5i ,  > ft— £;io(ft-h))  =  i 


where  w  employ  the  at we  tdatiom.  «3-S|  sad  the  nf  €!.  Now  consider  the  prodocim 


x,—  {  a-  —  H  —  a  -f  fA— fie. 


OlS,-bl  — S»- 


»=  i . /- 


r  — r 1.  .  .  ..  A. 
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stiiwe  €  >  0,  Thj,  plan  utilize  precisely  the  quantify  a  of  the  rewntrw,  Then  i3,7iand  i3.8i  -rnj.Iy  ifuq 

snr  j-ofncsenny  small  6  >  U.  fhe  profit  of  the  net*  plan  sill  raved  fhe  pn.fi:  assm-Mfed  t»hh  thr  ok «  :R 

•3.6f.  t.r.. 

2  >  W{s;i  + /'fir— 

F*»r  the  ease  omsejered  in  Property  5.  a  lower  boond  sw  tflwl  that  is  sfrirfly  larser  %hmn 
Vfirl  -e  l  §{tt  —  St  “irl  (’in  be  ronstrueted  by  c*snsidcTtii^  the  fuiilian  ffolilfm. 


mas  T  1 3'.*.-  —  C. ■  x.  -f  5,  : 


>.t.  T  j iSa —  T  S. 


In  problem  ;  A i  the  setup  limes  of  products/  thro  A  have  hrfB  subjrar-jeu  fnifflr  jbJ  tig  Bjerised 
c*»sfs  lor  these  setups  %rill  be  fhaipni  in  fhe  dbjecfiTe  funi  ton.  rrfardlrse  of  ; I,.-  acftrai  prodweilitB 
plan.  The  l^pinpin  fi>r  this  auxiliary  jmibk'n  is 

Um.  A 1  =  J  U x.  A  >  -  J)  { <  R,  -  A )  r. -  (.Ax.  +  S,  t  J. 

..J  .  t 

Based  ..n  ? be  analysis  in  thr  appendix  it  is  easy  f„  *hn>  that  the  (4an  which  maximizes  this  l-apraopian 
is.  f«tr  i  —  !.  .  .  ..  A. 


f  JA>  = 


rA  Hi  -  s  I  if  liSAS  H,  - 

b  if  A  >  A'. -Coy,. 


Fisun*  4  indisafi'*. 
*>0.  and  Anwii 


■  can  be  proved  analytically.  that  i  -  ! . A.be 

:  in  k  for  0-5  *  < 


otin&Hts  b»  A  f» 


**  -  ci«sj 


=—‘  .  s 


!i  «nutt*t.'»WibiAi  >i..<app»eX|Sk.‘nr«A«*,.is/.  .  .  ..A;b«lnil)»aa9>i,a)  k 
ileifn-mm*.  m  A.  IW*  A  s  *s  A»  ingrifcrr  «iih  j3.1II  itapfoi 


68  j.  P.  EVAN'S  A  NO  F.  J.  GOULD 

A  more  complete  attempt  to  resolve  gaps  is  possible:  however,  it  would,  in  general,  require  com¬ 
binatorial  techniques  which  have  so  far  been  avoided  by  the  use  of  Generalized  Lagrange  Multipliers. 
The  fact  that  a  solution  via'  GLM  methods  cannot  be  guaranteed  for  each  w  is  offset  by  the  important 
fact  that  a  great  deal  of  parametric  information  is  readily  available  about  the  influence  of  various  values 
of  w  on  the  optimum  value  of  the  objective  function.  In  particular,  let  us  refer  to  Figure  2.  In  the  first 
step  of  optimality  analysis,  the  analyst  should  coinpute'the  K  values  of  Aj.  Recall  that  these  are  the 
points  at  which  the  T function'  is  double  valued  end  for  each  /  the  two  '/‘values  specify  a  gap  in  the  right- 
hand  side.  By  computing  the  two  T  values  associated  with  each  A,-  one  can  immediately  identify  those 
values  of  w  which  fall  in  gaps.  Also,  the  optimal  product  mis  can  he  determined  without  further  computa¬ 
tion  far  any  value  of  »•  not  in  a  gap.  For  sueh  values  an  optimal  plan  can  be  computed  by  the  algorithm 
below.  For  those  values  of  w  which  do  lie  in  9  gap,  it  is  often  '.he  ease  that  in  actual  problems  there  is 
some  latitude  in  the  specification  of  the  right-hand  side.  In  this  ease  it  may  therefore  be  possible  for 
the  analyst  i  again  with  reference  to  Figure  2)  to  specify  an  acceptable  value  of  the  right-hand  side 
which  does  not  lie  in  a  gap.  and  hence  for  which  an  optimal  plait  can  be  computed. 

We  can  summarize  our  proposed  algorithm  as  follows: 

1)  jiarting  with  A  =  0  increase  A  until  we  reach  X*  =  inf  {A  :  T(K)  ^  «?}. 

2)  If  T(k*)  —  tv,  stop;  we  have  an  optimal  solution.  Otherwise  continue. 

3}  7'(A*)  <■«•.  To  improve  the  solution,  determine  the  product,  /.  for  which  A*r-  A/,  and  compute  w, 
w  .as  defined  in  Property  4. 

ai  If  «’  <  w-r-  x‘j+ Si.  stop:  use  the  plan  for  tv  =  i£  as  an  approximate  solution, 
hr  I  f  ie  2=  w-r  rf  +  Si,  solve  Jhe  associated  auxiliary  problem.  (3.10),  (3.11).  (3.12)  by  finding  the 
Aa.of  Pfoj  “rty  6.  Use  the  resulting  plan  as  an  approximation. 

4.  AN  EXAMPLE -THE  QUADRATIC  CASE 

In  this  section  we  wish  Jo  apply  the  preceding  developments  to  a  small  example  in  which  the  cost 
functions  Cj(-)  are  all  quadratic  and  of  the  hum 

ft 

Ci\X;  +  St)  =o,(.r,-!-  Si)  -i-~  (x rt-St)-. 

where  at,  0,  >  0.  We  will  demonstrate  the  calculation  of  the  critical  values  A,-  and  the  use  of  the  algo¬ 
rithm  to  obtain  production  plans  for  a  range  of  resource  values.  Consider  products  with  the  following 
data: 


~1 
—  . 

Si 

Ht 

a* 

ft 

i 

.1 

15 

1 

1 

8 

40 

1 

2 

For  the  quadra'ir  case,  we  have 


CUx.  f.S'i)  ~ «; -f-  ft, (  r<  + St ) 
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i  _  .V  ~  ai 

i'Ay)  — ■  a  *n* 


Now  we  consider  the  determination  of  the  critical  numbers  A,,  We  have  from  Equation  (A.2)  of  the 
appendix 

Giixi,  h)  —  {Ri~\)jt,—aiixi-¥Si)  — ^  {x-,+Si)-—hSi. 

By  definition.  A,  is  the  value  of  A  such  that  C<  lias  a  maximum  value  of  0.  which  implies  that  the  equa¬ 
tion  G'((x..  Aj)  =  0  lias  exactly  one  real  root.  The  value  of  A  for  which  this  occurs  can  be  determined  In¬ 
setting  the  discriminant  of  this  quadratic  equation  to  zero  and  solving  for  A.  Thus  we  seek  a  solution  to 
the  following  equation  in  A: 


jU  +  AJSi+f  SfJ  =0. 


The  roofs  are 


It  is  easv  to  show  that 


A  ~  R;—cti  ±  \'2Rif3£h. 


k,=Ri-ai-  y/2R.fl$j. 


and  that  if  Ri-iCj (S, )  —  Ri~  (or, +j3j$tY>0,  then  A;  > o:  see  the  lemma  in  the  appendix.  For  the 
data  tabulated  above,  we  get  the  following: 


Also  included  in  the  above  table  are  the  minimum  profitable  production  quantities  xf;  these  quantities 
are  obtained  by  solving  the  equations 

Pi(xt)=RiXi- ai(*i+Si)-y  (x;+Si)’— 0 

for  each  f:  the  roots  are 


tt~—^  Ri—a;—RiSs±  >/{Ri—ai)s—2Ri{iiSi^. 


and  x?  is  the  smaller  of  the  two  roots. 
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With  the  values  of  Ki  determined,  we  consider  now  the  problem  of  obtaining  maximum  profit  for 
a  given  availability  of  time,  w. 

0<  A  <  A,  =  1.75: 


(4.3)  xf  =  9— A;  **  =  11,5— ,5A 

Thus  F(A)  =  33.5  —  l.SA  for  0  <  A  <  1.75,  Hence  at  X  =  At,  we  have  in =30.875,  and  w— 18,625,  where 
w  is  computed  by  setting  *i  =0  and  *»=  11.5  — ,5Aj.  So  for  30.875  <  «*<33,5.  the  optimal  solution  is 
obtained  by  finding  A,  0  <  A  <  1.75.  such  that  the  xf  from  (4,3)  satisfy 

xf  +  x|  + 13— if. 

1,75  <  A  <3.25: 

(4  4)  .vf  =  0;  4  =  11.5-  ,5A 

Thus  77 A)  =  19.5  —  .5A  for  1.75 <  A <3.25;  at  A —  A;  we  have  w=  17.875  and  w — 0.  Hence  for 
17.875  <  ic  <  18.625.  the  optimal  solution  is  obtained  by  finding  A,  1.75  <  A  <  3.25.  such  that  xf  from 
(414)  satisfy  xf + 8=»  w. 

Now  consider  the  gap  in  T(X)  which  occurs  at  A  — 1.75.  W'e  can  compute  two  points  of  the  function 
A /(tc),  namely 

M(w) = .1/(30.875) = 80.98 
M  (tc)  =  M{  18.625) = 59.48. 


Now,  using  the  results  in  Equations  (3.3)  and  (3.4).  we  construct  the  following  upper  bound  on  M (u?) 
for  18.625  <  tv  <  30.875: 


M\ tv)  §  59.48+  1.75(te— 18.625). 


We  know  that  the  minimum  profitable  production  of  product  1  requires  7.22  (production  ,,ius  setup) 
time  units,  thus  suppose  25.845  <  tv  <  30.875;  for  definiteness  assume  tc— 28.625.  Tli  is  using  (3.4) 
and  the  discussion  following  (3.6)  we  have 

(4.5)  74.48  £  .1/(28.625)  s  76.98 

Now  by  employing  the  results  of  Property  6  and  the  auxiliary  problem  in  (3,10).  (811),  and  (3.12)  we  can 
refine  the  lower  bound.  Solving  the  auxiliary  problem  via  Equation  (3.13)  yields  the  following  resuhs: 

A  =3.25;  **  =  5.75;  .r *  =  9.875 
P(*t)  +  P(xs)  =  75.83. 


Clearly  the  profit  exceeds  out  lower  bound  in  (4.5):  in  fact  it  can  be  shown  that  this  pn»duetion  plan  is 
optimal  for  tc= 28.625. 

Finally  let  us  briefly  consider  the  gap  in  7*(Al  which  occurs  at  A  =  3.25.  We  have  7(3.25)  —  17.875. 
whereas  the  minimum  profitable  production  of  product  2  requires  only  11.75  total  hours.  For 
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1 1./5<  w<  17.875.  the  approach  suggested  in  (3.13)  would  yield  a  solution  such  that  x3  =  w—8.  For 
w* 11.  #5  the  discussion  of  section  3  suggests  no  detailed  remedy;  however  for  this  example  it  is  clear 
that  product  1  can  be  produced  profitably  provided  only  that  w  >  7.22. 

S.  CONCLUSION 

In  the  foregoing  discussion  we  have  developed  and  demonstrated  an  application  of  the  Generalized 
Lagrange  Multiplier  technique  to  a  certain  type  of  production  planning  problem.  Particular  attention 
has  been  devoted  to  the  issue  of  resolving  gaps  in  the  function  7*(A).  No  complete  solution  was  provided 
for  these  situations;  however,  useful  bounds  have  been  constructed  and  a  procedure  lor  refining  these 
bounds  was  proposed.  The  primary  goal  of  this  paper  and  its  companion  |2]  has  been  to  exploit  the 
analytic  (i.e..  nun-combinatorial)  nature  of  algorithms  based  on  the  Generalized  Lagrange  Multiplier 
technique. 

An  imjtortanl  property  of  the  model  in  {1.1)  and  (1.2)  is  the  fact  that  the  critical  values  of  the 
Lagrange  Multiplier,  the  A».  i  =  l.  .  .  ..  K.  can.  in  principle,  be  calculated  directly.®  In  fact  in  the 
quadratic  case,  a  simple  closed  form  expression  was  provided  for  A,*  in  Equation  <4.2l.  The  method  for 
exploiting  this  information  was  discussed  In  detail  in  Section  4.  Furthermore,  for  the  quadratic  case. 
sinceCfC*)  is  linear,  its  inverse  Ci(-)  is  likewise  linear.  This  fact  can  be  exploited  in  planning  computa¬ 
tions  for  the  quadratic  case. 

Several  possible  extensions  of  this  model  and  the  ..Igorithm  are  readily  apparent.  In  particular  a 
collection  of  one  or  more  material  constraints  might  be  added;  the  current  model  assumes  that  any 
time-feasible  model  Is  also  material-feasible.  Other  extensions  include  overtime  and/or  subcontracting 
alternatives.  The  model  in  (4}  is  of  the  latter  type. 


.4r>|»endix 

MAXIMIZING  THE  L4GRANG1AN 


The  l  .agrangian.  Fix.  A )  is  given  hv  Y  Filar.  A ) .  where  Fr.H'  X  R' -*  R.  H'  denoting  the  non- 
necative  reals,  and 

tA.lt  FA x A)  —  iRt—kixi-  Ci{xi  +  6(Xi)Si)  —  K8{xi)Si. 

For  fixed  A  &  0.  it  is  required  to  find  the  values  of  jr*{A )  which  maximize  Fix.  A)  over  x  3=  0.  Since  the 
! -agrangian  is  separable  in  the  x;  variables,  it  suffices,  for  fixed  A.  to  find  the  values  of  .rf(A)  which 

maximize  FAx;.  A)  over  .r,-  &  0  for  i—  1 . K. 

For  each  *.*=!.  .  .  ..  K,  it  will  1h*  convenient  to  define  the  auxiliary  function  G,  *  A*  xR*  —*  R  as 

1 4.2)  G,*.t;.  A )  —  iR—  A  ).Vi  —  Gifjrj  Si  >  —  AS;. 

The  pnqiertics  of  G,  will  Ik-  rch-vant  to  the  maximization  of  F,  liecausc  of  the  following  relation 


•  A. 3) 


Filxi.  Al  =  |^' 


rilXi.  At.  XI  >  0 
x,  —  0. 


Thh  ias  n-t!  pnuiUr  in  the  m.«tct  ci.Riidrf n!  ir.  |4|. 
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We  now  consider  the  following  possible  ranges  of  A  values  and  derive  the  optimal  plan** (A) 
for  A  in  each  range. 

CASE  1:  A  s£  Ri  —  Cj(S,}.  Recall  that  Hi  —  C‘(Si)  >  Oby  the  nondegeneracy  assumption  of  seetion2. 
CASE  2:  Qss  A  <  Ri-CJCS,). 

Case /.  A  5=  Hi  —  C'iSi) 

In  this  case  it  will  be  shown  that  G;{x;.  A)  <  0  for  every  Xi  >  0  and  nonce,  from  (3).  it  follows 
that  J*{A)  =0.  TIte  proof  follows  from  the  concavity  (in*;)  of  G;(xu  A),  which  implies 

Gilx,.  A)  Cj(0.  A)  +-j~  G;tO.  K)Xi—-C;lSii  -AS<+  [Hi- k-CUSi)}xi. 

ax;  ' 

which  Is  negative  for  all  x;  >  0  if  A  2=  We  thus  have  shown 

(A.4t  A  2=  Ri-C;(Si)  x*(k)  =0. 

Case2:0*k<Ri-C;(S,) 

In  this  case  we  first  observe  that  (>i(x$.  A  J  assumes  a  unique  global  maximum  at  £ ,-(A ) —c;(Ri—  A  >—  Si. 
where  c;  is  the  inverse  function  of  C.\  The  reasoning  is  as  follows.  In  section  I  it  was  assumed  that 
C;(£)  is  a  strictly  convex  function  defined  for  all  £.  nonnegative  and  increasing  for£  2=  0.  Also.C,*0t=0. 
Ci  Is  twice  continuously  differentiable,  and  C'(ix;)  is  unbounded.  It  is  thus  apparent  from  (A.2)  that, 
for  fixed  A.  G;(x;.  A)  is  strictly  concave  in*-.  To  find  a  unique  global  maximum  ofGi(xi.  A)  it  is  necessary 
and  sufficient  to  find  a  solution  to  the  equation 

-t~  Gi(xi.  k)  =  0. 

dXi 

where  A  is  fixed  and xi  is  the  variable. 

It  Is  thus  required  to  solve 

t.AJl  Hi—  k=Cjlxi-i-Si). 

Recall  tile  Case  2  assumption  that  the  range  of  A  is  0«  A  <  Ri  — Tl>is  implies  K;  —  k>  C/(5i). 
Since  C!  is  unbounded  and  strictly  increasing  (from  the  strict  convexity  cf  &)  it  follows  that  there 
exists  an  x;  such  that  (A2»)  holds.  Using  the  property  of  the  inverse  function.  c«.  we  have 

Ki-k=C'i(xi-i-Si)  4=^cAHi-k)=ci(Cf{x.  +  SA  ‘  <=> c,{H; -  Al  =*  x,  + St. 

That  is.  for  each  fixed  A.  0*s  A  <  Ri  —  CV{S<).  G,{x u  A)  has  a  unique  global  maximum  at  the  point 

£iik)  —  Ci{Hi—k)—Si. 

Note  that  the  Case  2  assumption  that  0SA<Hj— CKSi)  implies  R,—k>£](Si)  which  implies 
c;iHi  —  A)  >S,  which  implies  £«(A)  >0.  We  can  thus  conclude  from  (A.3)  that  if  G,(£-.{k).  A)  >0. 
x*(k)  =  (i(k}:  if  Gi(£;(k).  A)  <0.  x*(k)  =0.  and  if  Gs((i(ki.  A»  ~0.  x*ik)  can  be  taken  as  either 
£;(h)  or  zero. 

Now  we  show  the  existence  of  a  A;  in  the  open  interval  (0.  H,  —  C't  (S; )  j  with  the  properties 
(i)  G;if,(h).  A)  >0  if  0  <  A  <  A#.  _ 

Ri)  Gi((i(kt),  A,-) =0. 

flu)  CiCfiCA).  A)  <0  if  Aj  <  A <  Ri—C’f(Si), 
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Observe  that  the  interval  CO.  if,-— C!(St))  is  well  defined  since  the  nondegeneracy  assumption  implies 
that  Rr-C'jiSi)  >0,  In  ease  (i)  above,  it  then  follows  that 

(A.6)  0<  A<  A,  4=»arf  (A)  =  f,(A)  =C|(«,-X)  -Si. 

In  ease  (ii)  above,  it  follows  that 

(A.7)  A  —  hi  *{  A)  =  0  or  x  *(  A)  —  A,-)  =•  c*(Jf r  —  A,-)  —  S»: 


Le.«  alternative  optima  exist.  In  ease  (Iii)  above,  it  foBews  frem  (A.3)  that 


(A.8)  A,-<  A  <  Ri  —  CiiSi)  =>  x*(A)  =0. 

For  the  case  A=0.  the  tjondegeneracy  -issumplifin  implies  C,(£,(0).  0)  >0,  and  hence 
.rf  (0)  —  f,{0)  =ci(Ri)  —$).  Combining  (A.4).  {A.6).  (A.7).  I  A.8),  with  the  case  for  A  —  0.  the  following 
rule  has  been  established  for  optimizing  Ftixi.  A); 

f  CiiRf—h)  —Si, 
xfik )  — ‘  0.  or  CifRi  —  k }  —S-, 

I  0. 

This  is  Equation  (2.1)  in  the  main  body  of  the  exposition. 

We  now  present  the  lemma  which  proves  the  existence  of  the  number  Xj  aliudeu  to  in  the  above 
remarks. 

LEMMA:  Assuming  Rj— -C'fSj)  >0.  there  is  a  A,  in  the  open  interval  (0,  R4— C[(S|))  such  that 
the  above  relations  Ci).  (ii).  and  (iii)  are  valid. 

PROOF:  Let  fit  A)  ~  cRIkt  —  A)  —Si  and  for  Ae(0.  Ri — C  (.S( )  ]  define  the  function  A). 

It  is  clear  that  AM  A  )  is  con'inuous.  since  it  Is  the  composite  of  continuous  functions.  Also 
tf<(0)=G;(fi(0).  0)‘>0.  by  the  nondegeneracy  assumption,  and  HARi— CJ(Si))=— Ci(Sj)<0. 
Then  by  the  continuity  of  //..  there  is  a  number  A<e{0.  Ri~C,{$A)  such  that 

//it  A.)  =  0  =  £<(£.-( A.)  A.). 


if0«A<  A, 
if  A=Xf 
if  A  >  Aj. 


which  proves  (it).  In  order  to  prove  (i)  aid  (iii).  h  is  only  necessary  to  demonstrate  that  HA  A)  is  a  de¬ 
creasing  function  Tor  a«(0,  /?,— C’(5i)>.  Let  0  <  A*  <  A:  <  /?,  —  C’(5;).  and  £Ak*)  =  e,{Ri~  ki)  —S„ 
j—  1. 2.  Then  we  have 

HAKn^iRi-hntAh^-CAfAX’i+Si) -k'S, 

>  (fff-A')ff(A3)  —CAcAk-)  +Sii—k,Si 

>  iRi  -  A-)f;(A-)-Ci{fi|  A-)  +S|)  ~  f  ~S,=  H,(k~), 

The  first  inequality  follows  from  the  fact  that  f;(At  >  is  the  unique  value  of  x,  that  maximize*  Gi{x,.  A*). 
The  second  inequality  is  due  to  the  fact  that  A’  <  A*  and  f  i(A')  >  0.  /=  1.2.  This  establishes  the  mono- 
tonicity  of  Hi  and  completes  the  proof  of  the  lemma. 
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ABSTRACT 

a  ^rsre  ■***!  *«S  Iwh*  i«  br  *m  a  winrfi  ha<>  vari* 

*«u-*  «1!i8s>  f»r  TbcTf  t-  a  rb^*r  «if  fc  5«  a  j*sb  af^J  jfjr  hh|  *4 

!*r*»  r>'in^  iffprisb  Uh*  %j3lr.  lo  a»Jdilb»n.  ffirtr  b  a!*-**  a  rii3n?f»*m 

nia  u  fumj  >*aSrv  Us-  pt44rst  i»  tbra  Is*  x-!w*fluk*  -It*-  and  |*irk  an  «j*liniuni  jdlM 
N  pM  f*b.  iiiiijimwt*  ib**  **vrtall  spet  alias  r»ls 

A  djnaisir  f*r*^l3ts*ajims  h*  dr^ri&ped  **r  gfetalnins  an  **|4inc=l  x4utb»n  I«  ibr 

Tl»*  swdd  b  ibrn  PitrMd  B^jag;  ihr-  rsHtad  *1  <^rfr^ht  gfwaiBaliftB?'  wills 
a  viffc  to  handlins  Tfe  tulnidon  ykld*  sped  «fcot  net  rntr^ 

filHr  «#|4imalt  at  a  (wspnl^Ms^  *3%ias  the  &*t1  dynamic* 

INTRODUCTION 

This  paper  deals  with  the  problem  of  scheduling  S  jol>s  on  a  single  'multi-inirpose*  facility  which 
has  various  adjustable  settings  that  ran  process  a  variety  of  jobs.  Let  us  define  a  'slate'  as  a  unique 
arrangement  of  those  settings.  There  is  a  dunce  of  states  in  which  t€*  process  a  job  and  the  cost  of 
IMM-essing  depends  on  the  state-  In  addition,  there  is  also  a  sequence-dependent  changeover  cost 
between  states.  Tin*  problem  is  then  to  schedule  the  jobs,  and  pick  an  optimum  setting  for  each  job. 
so  as  to  minimize  the  overall  operating  costs. 

fiurstall  |3J  has  reported  that  this  piobirtn  was  encountered  in  the  manufacture  of  steel  mites. 
Another  area  where  one  is  frequently  faced  with  ’his  type  of  problem  is  in  a  machine  shop.  Typically 
this  consists  of  a  number  of  machines  some  of  which  are  likely  l«»  he  mnhi-purjtosc  (otherwise  called 
grnera!-iHir|i»*e!  machines.  In  many  real  life  machine  shops  these  nuihi-purpttse  machines  work  quite 
independently  of  one  another,  and  in  ihttsc  cases  t!  is  intssihle  to  break  down  the  whole  problem  of 
scheduling  all  the  machines  Into  independent  stih-problrms.  each  pertaining  to  a  different  multi- 
imrptise  machine.  These  suh|»ft»ftlems  then  resemble  our  selteduling  nn«lel. 

CHARACTERISTICS  OF  THE  PROBLEM 

The  'sequencing'  problem  may  Ite  characterized  by  the  following  assumptions: 

1.  There  are  A  given  job*  that  are  to  be  processed. 

2.  There  is  only  one  multi-purpose  machine  (facility!  available  and  it  has  .W  different  ’states'.  At  a 
given  time  the  machine  cannot  he  in  mure  than  one  state.  Moreover,  a  state  ran  handle  only  one  job 
at  a  time. 

3.  A  job  is  completed  once  il  has  been  processed  by  a  single  state. 

4.  Each  job  can  lie  jtreec-srtl  (»y  She  machine  In  at  least  orw  of  the  states  and.  addilMu»Ily.  it  may  lie 
possible  to  process  more*  than  one  if  she  b*i*s  with  a  single  state. 
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5.  All  are  considered  equal  in  importance.  Thus  there  are  no  due  dates,  priorities,  or  rush 
orders. 

6.  An  operation  once  started  must  be  completed  without  interruption. 

7.  There  are  only  tun  types  of  costs: 

a)  c.f=  Pr<»cessing  cost  of  job  i  at  slate  j.  (If  It  is  infeasible  to  process  job  i  at  state  j.  die 
symbol  c,i  =  *  is  used.) 

bl  Ii,,,,—  Changeover  cost  from  state  p  to  state  q.  lr>.„t  and  might  have  different  values.) 
All  costs  are  assumed  to  be  known  without  error. 

The  objective  is  to  find  a  solution  as  a  sequence.  Q.  of  states  and  an  assignment.  4 .  of  jobs  to  states 
which  satisfies  above  assumptions  and  minimizes: 

if  =  J  co'"h2 

where  the  first  summation  is  over  all  pairs  j  i.  j )  such  that  i  is  assigned  to  j  in. 4,  and  the  second  sum¬ 
mation  is  over  all  pairs  (/*.  q)  such  that  /;  immediately  preeeeds  q  in  Q.  iejii.  /».  q*$-  where,/  ami -S'  are 
the  sets  of  all  given  jobs  and  states,  respectively. 

Tltis  optimization  problem  and  variations  of  it  actually  arise  in  many  industrial  situations.  Tin 
model  also  fits  situations  that  are  entirely  different.  A  typical  example  appears  below. 

HIE  DECORATOR’S  PROBLEM 

A  decorator  wants  to  purchase  Y  different  articles  for  meeting  his  present  contracts.  There  are  M 
different  stores  situated  in  M  different  locations,  from  which  the  articles  may  lie  bought.  Let  hm  lie  the 
cost  of  travelling  from  store  p  to  store  q  (note  that  is  not  necessarily  equal  to  h^,  I  and  ctJ  he  lire 
price  of  article  i  at  store  j.  if  an  article  #  is  not  available  at  store  j.  the  syrabcl  r«  —  *  is  used.  The  cost 
matrices  Cy  and  are  assumed  i«  be  known  beforehand.  The  problem  is  to  find  which  stores  are 
to  be  visited,  in  what  sequence,  and  which  article  or  articles  should  be  bought  in  each  so  as  to  minimize 
the  overall  cost  resulting  from  purchase  and  travel. 

If  the  state  for  each  job  is  fixed,  the..  o,  ~*  fur  all  jcS  except  where  5  is  the  set  of  all 

men  states  and  /(/)  is  the  only  feasible  state  where  job  /  can  he  processed),  then  the  total  processing 
cost  is  a  constant.  The  problem  of  minimizing  only  changeover  cost  among  the  chosen  set  of  states 
is  a  travelling  salesman  problem  (see  [2Jf  Thus  wr  problem  can  be  thought  of  as  a  generalization  of 
the  travelling  salesman  problem  in  which  tire  order  of  a  state  as  well  a#  the  job  (jobs)  to  be  done  in 
that  state  must  be  speeified. 

Another  machine  sequencing  problem  related  to  the  travelling  salesman  problem  is  that  con¬ 
sidered  by  Gilmore  and  Goroory  (l|.  There  are  Y  jobs  to  Ire  sequenced  «n  a  machine  having  a  state 
desr-rilied  by  a  single  real  variable  a.  Each  job  has  two  associated  numbers  .f,  and  B-,  as  its  starting 
and  ending  stales  respectively.  If  job  j  follows  job  /,  the  state  of  the  machine  must  tlien  be  changed 
from  //,  to  A.  and  the  cost  of  this  change  is  rq.  Note  that  in  (Hlmore  and  (rf»nn»ry’s  problem  there  is 
no  choicr  of  states  for  a  given  job. 

SEARCH  FOR  OPTIMAL  SOLLTIOXS 

Burstall  |3j  has  given  a  heuristic  solution  for  litis  jrnrfilcni  which  works  reasonably  well  for  the 
particular  case  where  the  differences  in  the  production  times  (costs)  for  a  given  job  in  various  st.ues 
are  small  compared  with  the  changeover  time*  teov'-i  tH-tween  stales.  Burstall  proposed  a  branch- 
and-bound  technique  as  the  search  procedure  for  which  G*mnicki  jSj  has  suggested  a  simpler  method 
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using  Boolean  algebra.  Note  that  none  of  these  methods  can  guarantee  optimal  solutions.  Also  when  the 
cost  matrices  are  not  of  the  desired  type  their  methods  yield  solutions  that  are  far  front  :he  true  optima! 
solutions.  However,  no  trace  of  any  other  solution  schemes  for  this  problem  has  hem  found. 

With  a  view  to  finding  an  exact  solution  to  the  problem  we  develojied  a  zero-one  integer  program¬ 
ming  formulation.  But  computationally,  tins  approach  did  not  seem  to  he  very  useful.  This  was  mainly 
because  a  large  iiumhcr  of  subtour  constraints  were  necessary  even  for  a  reasonably  small  sized 
problem.  Moreover  the  computer  time  required  to  identify  an  optimal  «iuli«B  was.  in  general,  quite 
high.  As  mentioned  above,  this  problem  resembles  a  generalized  version  of  the  travelling  salesman 
problem,  fo:  which  it  is  known  dial  the  integer  progranitning  solutions  are  not  particularly  suitable 
{21-  In  their  survey  of  the  travelling  salesman  problem.  Beliiiiore  and  Nemhauser  |2J  have  reported  that 
for  problems  of  less  than  «r  equal  to  13  cities  they  would  use  dynamic  programming.  So  it  is  !**gical 
to  think  that  an  appropriate  dynamic  programming  scheme  might  In-  suitable  foi  solving  'sequencing* 
problems  of  at  least  small  dimensions.  The  expected  limitations  of  a  dynamic  programming  appriratcli 
is  usually  due  to  site  curse  of  dimensionality.  It  will  be  shown  in  a  later  section.  however.  !i*n  this 
difficulty  can  he  surmounted  by  using  the  technique  of  successive  approximations. 

A  DYNAMIC  PROGRAMMING  MODEL 

A  step  wise  dynamic  programming  formulation  that  obtains  an  optimal  solution  to  the  pr-dder 
is  discussed  below. 

1.  Stage  l  /triable -  K  —  Kth  choice  id  job  has  to  be  made;  K—  1  jobs  have  already  been  processed. 

A'=  1.2 . .V. 

2.  State  I'ariables: 

i»  i*— the  machine  state  used  in  stage  K~  1 .  i&=  1.2 . II.  (If  3  starling  state  is  not  given 

imagine  ‘1  =  0—  a  ficticious  state.  s.L  hn.i—Oyi). 

iii  Vi-tlic  subset  of  jobs  already  jtwesfetl.  Le..  y*  —  {xt .  x? . n 


3.  Decision  Variables: 

i)  a*— the  job  to  be  processed  at  stage  A.  .t*  -  1 . 2 . rV. 

iii  ij,— the  machine  stale  to  be  used  at  stage  K.  ij=  1.2.  .  .  ..  -M. 

4.  Transition  Relations: 

it  y*.  ,  =  y*Cx*. 
ii»  = 

5.  Constraint:  =  {ji . r« 


6.  Economic  Function:  Minimize  Z—*?  A  |r.  ,  d-  hti.  .  } 

where  c,j—cent  of  processing  job  i  a;  state  j. 

h^r  —  change-rtcr  cost  from  state  p  to  state  q. 


7.  Recurrence  Relation: 

/>(/*.  y*)=  Min  {C,,.,,  -fl,  ,,  r/,.sh". 

/*{*'*.  y*l  may  hr  defined  as  the  minimum  scheduling  cost  starting  with  the  machine  in  machine  stale 
t*.  when  the  jobs  that  Have  already  been  processed  are  known  (through  r*t 
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IMPLEMENTING  THE  MODEL  IN  A  COMPLTER 


Tlie  state  variable  y*  may  be  represented  by  an  A'*dimensIonal  vector  il  )  each  element  of  which 
eorresimnds  to  a  unique  job.  Initially,  before  any  job  has  been  processed.  all  the  elements  of  1  are 
made  equal  to  zero.  As  soon  as  a  job  is  processed  the  corresponding  element  in  I  is  given  a  value  of 
one.  Thus  y*-  will  he  represented  by  a  vector  whose  K  —  1  elements  have  a  value  of  one  and  the  remain¬ 
ing  N — K  -r  I  elements  are  zero.  Note  that  there  are  ( A 4 .  I  of  such  vectors,  only  one  of  which  represents 
V*. 

In  order  t«  reduce  the  cost  of  storing  aU  these  vectors,  we  represent  each  vector  as  a  binary  number 
arid  store  the  corresponding:  decimal  number  in  lieu  of  storing  the  wliole  vector.  There  will  be  as  manv 
as  2"  ~  I  different  vectors  corresponding  to  2“— 1  possible  values  of  the  state  variables  y,(r  — 1.2.  -  -  -- 
n  J  when  the  number  of  jobs  in  a  problem  is  n.  These  vectors  may  be  treated  as  binary  numbers  and 

represented  by  the  decimal  numbers  0.  1.  2 . 2"  —  2.  Unfortunately,  the  decimal  numbers  that 

correspond  to  the  possible  values  of  the  slate  variable  fjr*)  at  stage  K  are.  in  general,  widely  scattered. 
This  creates  a  problem  as  to  bow  to  collect  the  numbers  corresponding  to  the  possible  state  variables 
at  a  particular  stage.  This  may,  however,  be  done  by  arranging  the  decimal  numbers  in  such  a  way 
that  the  number  of  Us  in  their  binary  representations  are  in  nun-increasing  order.  The  first  (%-1 ) 
numbers  from  highest  down  would  represent  the  domain  of  V\.  the  following  numbers  would 

represent  the  domain  of  y.v  - 1  and  sc*  on. 

Examine  !: 

If  n—  3  the  numbers  would  be  arranged  in  the  foflowing  way. 


Stage  fi 

Slate  variable 

* 

binary  Number 

Decimal 

Equivalent 

3 

ys 

1 

« 

0 

2 

6 

l 

0 

! 

2 

r> 

0 

I 

1 

2 

3 

2 

V; 

1 

i 

0 

0 

i 

4 

0 

i 

ft 

i 

2 

0 

0 

I 

i 

i 

1 

: 

1; 

0 

0 

0 

0 

0 

•*i  -  u. I'jia lb-  Nsjfs  rfjCrsfiMsiB. 

frn-  coneejd  may  lie  apjsiieil  i«  the  (first!  tran-itboj  n-hiM  as  well.  At  stage  A.  if  the  ith  j«di  »s 
jiroccssed  we  put  a  1  in  the  column  /  of  tin-  vector  tliat  rcprr-cnts  V*  to  diuin  a  new  vector  for  »*.•- 
The  equivalence  •  d  this  operation  in  our  representation  is  simply  to  add  the  number  2'  1 1«  the  decimal 
representation  of  s,  to  get  a  new  decimal  numt«er  eiik-it  will  n*«w  represent  %» .  3. 

Example  2: 

lj-1  J;-  I  ami  l;  =  3 

Then  y2  id  i;  s  I  -  j1  :  -,i  and  the  biliary  repr escalation  ilOli  «»f  tin-  decimal  nttmlo-r  5  dors 
confirm  tliat  the  job*  1  and  ->  are  over. 


a 
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LIMITATIONS 

The  algorithm  was  tested  on  an  IBM  Model  36G/6S  and  was  found  f«  wurk  well  for  small  and 
medium  sized  problems.  Butstairs  |3|  illustrative  example  of  8  jobs  and  19  slates  was  sidved  in  less 
limn  19  seconds  «-f  CPI  time  with  a  core  requirement  of  less  than  100K  bytes.  I  nfortunateiy  due  l*» 
eomputatiunai  limitations  the  use  of  the  dynamic  |tro-ram  brcomes  restricted  to  problems  having 
12  jobs  or  less  ami  any  practb*al  number  of  states.  Nevertheless.  with  the  use  of  dise  storage  it  will 
be  possible  t*»  handle  problems  of  up  to  !5  jolts  with  a  reasonable  number  of  states.  The  dimensions 
of  many  pranks-1  nroblems  tas  quoted  by  Burstall  from  factory  records4  may  be  expected  n*  Ite  rea¬ 
sonably  small  so  that  an  exact  optimal  solution  may  Ite  obtained  by  the  altove  formulations.  In  view 
of  this,  the  restriction  on  ilie  number  »tf  jobs  does  not  appear  to  Ik*  discutira^ngiy  stringent:  however, 
tire  following  alternative  solution  scheme  lias  been  developed  to  taekle  pr»tb!ems  with  a  greater  number 

id  I«»l*s. 

EXTENSIONS 

In  order  to  overcome  the  dimensionality  difficulty  we  jiropose  to  use  the  met h«d  «d  successive 
ai»*iroximati<*ns  |l.  p.  78).  Starting  with  a  known  feasible  siduthm.  one  way  !••  employ  this  approach 
is  to  consider  initially  a  suhjifohlcm  of  sequencing  only  p-j«bs  i/»  i-  a  suitably  eho~en  number  ^  \i 
to  all  the  available  states,  and  solve  the  subproblem  while  the  remaining  jobs  are  kept  fixed  in  the 
schedule.  Then  another  suiiprobb-m  with  a  differml  set  id  p-jttbs  is  cljosen  to  be  solved  and  the  process 
ts  continued  until  it  converges.  The  choice  of  the  sets  of  p-jnbs  may  be  done  in  various  ways  among 
whieb  two  i»twlar  ones  an  neighliour  eoadilnations  and  stocltasiic  lor  randoml  combiBations-  In 
this  problem,  however,  the  sloehaslie  choke  of  llte  subsets  of  jobs  would  not  lie  particularly  suitable 
to  eaao-  the  changeover  eosts  among  the  slates  may  be  scspn-nec-depciMb-nt. 

Details  of  the  Method 

The  detail  workings  of  the  method  for  an  Y-job  I/-state  pnddem  may  now  in-  summarized  in  the 
following  steps. 

1.  (ienerate  an  initial  feasible  solution.  iBursiaHs  and  i-omnicki’s  methods  may  be  used  for  this 
purpose,  i 

2.  Choose  a  suitable  value  for  /*.  I  An  alternative  is  to  try  with  different  values  of  /*.» 

3.  From  the  initial  schedule  consider  llie  first  p  jolis  and  solve  the  sab|»n»lj4em  of  scheduling  these 
/•  Ms  to  all  the  W  states,  he.,  find  a  state  fin  each  of  these  /■  job*  and  an  optimal  sequence  of  these  p 
pd»s.  The  starting  and  ending  stales  for  this  subproh'cni  should  Ik-  found  !n«t  the  raitiai  seduthm  ob¬ 
tained  in  tli.  This  represents  one  ’step.'  iThe  dynamic  (ri^iamrain*  fiictnulaibuj  may  be  used  for 
shite  these  subpnddetns.1 

I.  T**  continue  keep  the  same  sequewe  and  assignment  t«f  states!  for  Ip  -e  2).  ip  +  3i.  .  .  ...Yth 
jobs  as  liefore.  use  the  assignment  inf  a  slaJel  to  the  first  job  as  determined  by  the  previous  step,  and 
■•wn  ssdve  the  new  suIqiroHrm  for  the  2nd..  3td..  .  .  ..  !p+  Itth  jobs. 

5.  Continue  in  this  way  until  ail  the  Ms  have  been  ecmsidenrd  in  at  hast  one  *if  the  stibpmblcms. 
This  represents  «ine  ’iteration,  Then  calculate  the  i«»tal  cost  nf  the  schedule  fbn*  obtained.  If  there 
is  any  improvement  omtinue  with  amuher  iteration,  otherwise  hah  because  any  further  iterations 
*  Mi  o!  powfuce  a  In-tier  -udufion. 

A  Nrvle  on  the  Selection  nf  the  \  aloe  of  p 

It  lias  firm  r\|H-rieneed  that  im  reusing  the  value  if  |»,  increases  the  ontr  p!  it. Hemal  time  and  cote 
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required.  wish  an  improvement  in  ilir  chance  «»i  getting  accurate  results.  Therefore  the  choice  of  /» 
should  be  made  by  trading  off  these  factors.  Le..  for  a  reasonable  and  quick  scduyon  a  loir  value  of  /* 
should  be  specified  whereas  higher  values  of  r*  should  be  used  fur  setting  precise  sohuions.  For  quickly 
obtaining  a  reasonably  gc»«l  solution  a  recommendable  value  of  /*  seems  to  be  4  or  5.  Nevertheless.  It 
depends  to  a  great  extent  on  the  dimension  of  the  problem  I«  be  solved  and  also  cm  the  accuracy  sought. 

Choosing  the  Storting  Solution 

The  efficiency  of  the  method  o!  successive  apjtro'dmattons  rests  very  largely  us  the  srfcctioa  of 
the  starting  solution.  As  it  is  not  possible,  in  general,  to  predict  the  best  starting  solution.  we  reewBuuend 
to  repeal  the  proposed  search-pn«eeditre  with  dUTerenf  starting  siduthms.  The  number  of  starting 
solutions  to  be  used  for  a  gives  problem  apin  defirnds  on  the  accuracy  sought. 

Note  that  any  feasible  solution  may  be  used  as  starting  Solaihm.  in  successive  apprnxtmat  ions 
techmque  the  value  of  the  objective  functioo  d  the  starting  sohstloa  has  no  influence  on  that  «f  the 
final  solution.  We  have  recommended  BursiallV  and  Lomafckr*  methods  t*»  prnefate  the  starting 
solutions  only  because  they  are  simple  and  independent  of  the  actual  cost  values. 

Computational  Experience 

A  computer  program  was  written  In  FORTRAN  IV  flawei  (-»  and  tested  with  a  aaobfr  of  small 
and  medium  ^iceij  problems  for  whkb  the  true  optimal  solutions  were  evaluated  using  the  direct 
d.p.  ippmJfn.  Although  this  method  could  o>4  peneraie  the  exact  optima!  solution  ta  every  case, 
the  s.jiutiotis.  in  armcral.  were  within  |0  percent  of  the  true  optimal  v»Hh-.  Moreover  it  has  teen  ob¬ 
served  in  many  cases  that  if  different  starting  s-Jolious  are  used  then  tbr  method  yields  exact  optimal 
solution  even  with  a  very  fcv*  value  (viz.  3t  .«f  ibe  step  site.  /•-  Also  the  *-ompu:ar:.-nai  time  in  this 
meth*«i  is  much  less  compared  to  that  for  the  direct  d.jr».  root  in  si.  F*<r  example,  a  IG-jofe,  MFstste 
tJMpir  problem  was  solved  by  this  method  is  less  than  2S  seconds  of  CH  ’  time  (ml  the  cost  of  the 
solution  was  whereas  exactly  she  same  s«dath«t  was  obtained  by  the  direct  d.gc  approach  in  alwmi 
1 14  sec»fnds  land  the  heuristic  solution  doe ;»  la*innlcki  and  Bar-tall  yielded  a  c*«st  ■-*  272k 


To  demonstrate  l!;c  sensitivity  «f  the  final  s*4uti«*o  with  respect  Jo  the  starting  sedation.  the  atwr 
sample  problem  was  -ndved  with  different  start  ins  s-dutbnr*.  The  rrsuhs  are  shown  in  Table  1.  Every 
run  was  made  *«n  an  IBM  Model  3d0/6a  and  in  every  ease  a  step  sire  of  3  was  u-ed. 

T  ABLE  I.  lyaalirir:  t*i  the  f  inal Solution  ;ri;i  respect  to ,%  Starring  Sotanoa 


Kerr 

«/— iiLjermr  feneitof)  «C  thf  Ssal  ^=kr.>*.‘n. 
it  —  wistff  rt  iirfal^**s»  |»Tfaa!<. 

CONM  i  niM;  COMHF^tS 

Tht  ni  tS3«y  pz*“  ■12S  a  facility  bmi  -.a%-4  t»»  £  ;K  Sdm>r 

|tr»«2rammis£  3^s*!slhs,  Tisr«  the  Srs  J-.s  »;J«r  <4  ~»rrT’**isc  afsfsf.rtins^its®*.  fab-  itrrxt  *er<r*«JfrfK 
apj^ird  i«*  «-»?«-s4  ?fc"  d.;;.  Sswulri.  Tbss  rif  sr^fewS  :kw  -*■  sot  at»y  sf'ttvrtji**  *„ss,  J !»••*-  +hft- 

“*  *1^'  ^■Wf*  awl  .«»  p?»*t«if-*  =«,©rri  f~  fb..^<-  wjr  Jf1 |<*>r=frt~  wtarlv  ragnant  iw 
hastiM  :•-,  thr  dynamic  |?e*«aj*fi&«a  —  •.*  Be-ddr*.  fs'  «  pin*  ps.dA-M  tfcjs.  sgrSfa  ■ |  nr— **  »««- 
’  !*■**  efcn  rt.flii«jn'<i  In  tlat  Jn»  :fes-  carted  Tim*  *-*«”»»  k  a  fr-riJn® 

shfn  ran  sc  «ih*f;  by  !***»  at  i'-./  4  s»y  pr*&rt  ihi*  a^w^at  fc.  Tj»»  «.Mpi  l-c  -  ,-  ;  ^ 
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ABSTRACT 

This  article  is  concerned  with  the  optimal  location  of  any  number  In)  of  facilities  in 
relation  tn  any  number  toil  of  destinations  on  the  Euclidean  plane.  The  criterion  to  be  satis¬ 
fied  l»  the  minimization  of  total"  weighted  distances  where  the  distances  are  reetanjatlar. 

Trie  destinations  may  he  either  sitiglt  points,  lines  or  roetangnJar  areas.  A  gnWicnt  reduction 
solution  procedure  is  described  which  has  the  property  that  the  dtret.ion  of  dertent  is 
iletermined  by  the  font-tricil  proJiertie»  id  the"  problem.  _  1  - 

1.  iXThdpUGtidN 

Matty  contributions  to  the  literature  on  location,  models  have  dealt  with  variations  and  extensions 
of  the  Weber  problem  (for  exampje:  }8]  and  {121).  The  object  in  such  problems  is  to  locate  one  or  more 
points  (facilities)  on  a  plane  that  contains  fixed  points  (destinations).  Optimum  location  is  achieved 
when  the  sum  of  weighted  distances  between  points  in  tbe  system  is  minimized.  Such  models  have 
found  varied  applications  including  some  in  plant  location  J2|  and  in  communication  networks  [10]. 

In  many  of  these  models  the  distances  between  points  are  designated  to  be  Euclidean  straight 
Utte  distances;  however,  in  the  context  of  location  in  a  grid  of  city  streets  or  in  a  network  of  aisles  in 
a  Factory  or  warehouse,  rectangular  distances  often  constitu  ‘  a  1  tetter  approximation  to  actual  db* 
lances  and  itave  been  used  in  location  models  -Cfor  exattiple:  {6J  and  (Ujb  The  model  :n  this  paper  is 
a  multi-facility  model.  Shipments  between  the  facilities  to  be  located  arc  possible.  This  is  a  variation 
of  the  trans-shipment  problem  in  linca*-  programming.  Previous  models  including  inter-facility  flows 
are  given  in  [1J.  {3-5],  {9],  {10},  and  {i4{ 

Considering  each  destination  as  a  separate  point  is  often  impractical  when  large  populations  like 
those  in  cities  are  involved.  A  useful  approximation  b  to  consider  destinations  to  be  ■-...iformiy  dis¬ 
tributed  over  some  area  or  areas.  This  approximation  has  been  used  in  models  involving  postal  districts 
I I  |  and  facility  design  [7],  The  inclusion  of  this  approximation  in  multi-farslity  models  allows  the  solution 
of  very  large  and  spatially  complex  location  systems. 

*Th»  research  sopjifi.ied  by  a  pant  from  the  Control  Data  Corpnretton,  Use  of  jla't  niTrrsiiyof  Wise Computing 
f "rotor  was  wade  possible  through  support.  in  part,  Owes  the  Natbmal  Saarwe  Foundation,  «sfcrr  United  states  tbmromeot 
ayrm  irs  amt  thr  Whw**m  Alumni  Research  Foundation  tfuosjnn  l- id, «n -tty  r.f  Wisconsin  Research  Committer. 
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'”auon  °f  °"™  f““" —*«* 

2.  THE  LOCATION  OF  ONE  FACILITY 

Before  discussing  the  more  general  case  of  the  location  of  m.tVra^  t  -i-  • 

a  single  facility  is  presented.  Figure  1  shows  an  eXamn!e  with  five  dlt  '  3  f°* 

lion  areas.  It  is  necessary  re  Inra,  a  r  •  ,  ,,  ...  ‘  "  destiiumon  points  and  three  destina- 

W  i,  .niJ.iT  ™  <faCj"M  "d'  in  .h. 


1  □ 


i 


FUU  RE  J. 


Let  the  coordinates  of  the  iaeilltv  he  tv  vVTt*.  . 

.  /- 1-  ....  ».  Each  nf  A,  „  «1  *-  f  T  tg*T 

1  he  location  problem  now  consi^tsof  minimling  :  ’>  :  „ 

jj 

dfetanccand  ,Ml°  *"?**#«*  ^mb^ctors  of  cost  per  unit 

Francis  mlfci ■»>*■>  by  Fran™  |4b 

wi.h  rnspec,  ,„  „„„  T  a"T  T  by  npiimiaing 

pec  one  vanabie  at  a  lime.  Thai  is.  Iba  aptiant^i  vain.;  nfi  can 'bn  obtained  by  nbrimtijiii: 

2  »,  U--.,  |  and  the  opnmnin  vaWyc.„  bnoh,,j,*d  ty 

by  JS£T"  ^  H  -  fc  cb^H 

5  *  ,«Ul  Jr*  *  ; 

Tjt_  ' 

^  fhmMkt  f  -L  *  '  1.  - 

*t  “  "  ■*? fc  f— -ui  !^fc“ 

nanUyb.'Z  “  ****"  •*«■«!*-  *—4  Th„  can 
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Fur  example,  if  there  are  two  line  destinations!  tv.  Jr\  and  fc..  </,].  such  that  t><c ,,  cs<dr  and 
t L  >  dr .  then 


1 4r  ra,  rrs 

J  \x—z%\dzi~L:fj  Jr  —  zi\dzi 


->  iL'r  +  V,} 


I  dz  i  -t- 1 


f'  p-» 


iku 


where  i'j .  =  «*(/* “fit.1*  and  three  non-overlapping  lines  [c„  c<J.  [c,.  dr],  and  [t/..  t/,J  are  obtained, 
J'imilaily.  if  a  jsiint  destination  is  within  a  line  destination,  the  overlap  can  be  removed  by  dividing 
the  line  into  two  at  that  i«oint. 

After  the  overlaps  have  been  removed  there  is  some  number//  of  line  destinations,  where  //  >  p. 
Combine  any  point  destinations  with  the  same  location  on  the  r  axis  t«>  obtain  m)  points. 

Arrange  the  destinations  along  the  axis  from  left  to  right  and  label  them  [r*.  s»J,  4  —1.  .  ,  ,, 
where  rt.,  2=  si-  and  ft ’S  it--  If  the  k'lh  destination  Is  a  line  then  let  rj.  —  r*.  d^—sk  and  the 
constant  bet'*:  if  the  /,"ih  destination  is  a  j*oin!  then  a*  ~  r<  ~  Sl  and  the  corresponding  weight  Is 

After  the  removal  of  overlaps,  WXtmp(x)  iias  p’d-m'  terras.  A  term,  such  as  o*|  land  its 

derivative!.  is  plotted  in  Figure  2.  If  the  destination  Is  a  line  fc*.  </!, j ,  the  corresponding  term  and  its 
derivative  are  as  in  Figure  3,  Since  the  terms  are  obviously  convex,  then  Wtsj.ft)  and  ff'tmpix.  y) 
are  convex. 


Fh4  se  2. 

Front  Figures  2  and  3  it  is  evident  tltat  when  x  <  re  the  slope  of  the  term  corresponding  to  (re.  st  J 
is  negative  and  a  constajst  and  when  x  >  St  the  slope  is  the  p<«silive  value  of  lira!  constant.  It  is  possible 

to  evaluate  dB'X  tmAx}ldx  at  the  values  s*.  k—  I . m'*  */. 

Lei  the  absolute  value  «if  the  constant  slope  corresponding  to  [r*.  sej  be/,.  k~  m’-r-p’, 

F«*r  a  point  destination  It  is  the  weight  ic’k  and  for  a  line  destination  it  is  the  -onstti  ,  t  ^idi  -ci). 
When  x  <  rt 

dWX-mb%x !  el 


dx 


-  s 


SL 


Consequently, 
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Since  ffXtmp(x)  i s  nmvex.  <31  enables  us  to  find  (he  region  in  which  SF-Vi*P{jf)  is  a  tnintmum.  Expres¬ 
sion  <31  is  evaluated  for  successively  larger  integers,  k,  until  it  becomes  either  xero  or  positive^  If  it 
liecomes  zero  for  some  value  of  k,  say  k\  then  *;.•  x*  «  where  x*  is  the  optimum  value  of  .t. 
If  expression  (3)  becomes  positive  for  the  first  time  when  t  =  k',  then  re* «  x*  «  Sf.  In  this  latter  case, 
if  region  k  is  a  line,  the  exact  position  of  x  9  can  be  fonnd  by  using  the  derivative  plotted  in  Figure  3. 

They  emirdinate.  y*.  of  the  optimum  location  for  the  facility  can  be  found  in  an  entirely  similar 
manner.  The  following  example  illustrates  the  method  discussed  soove. 

Example: 

H''Vii3{x)s£21x— 2|4-2  J  jr-sildi* +  1  J  jx— iiicfei. 

Minimizing  UTmlr)  with  respect  to  x  cotresponds  to  fimling  the  optimum  x  coordinate  for  a 
faeilhy  which  has  one  point  destination  im—  1 1  and  two  area  destinations  (p-~2). 

First  remove  the  overlaps. 

!FXhz{x)=*-2  j*  |x— Zi}iht  +2  *  jx  —  2|  +2  J  |x— xt|<fe.-t-3  f  jx—zlt/zs-rl-^  \x~Zt\dzt. 

Then  m’  —  1 ,  p’  =  4.  and 

r,=  I.  *i»2.  L”,~2,  t,  —  2. 
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From  13) 


Jff'Xttsixi 


=  -11+4  =  -' 


1  *-l!  +  4H«-3. 

ttx  h,. 

Mh'*±*l  [  =—11+4  +  4  +  4=  I. 

ax  jSs, 

rl  =S  x*  ^  5r. 


The  slope  **f  tin*  third  term  must  be  1  at  xm.  From  Figure  3 

1  =  VU2xm—  (r.  +  i/jl  i.  and  x*~  ~  * 

3.  TIIE  TWO  FACILITY  PROBLEM 

Consider  now  the  p.-nhiem  of  locating  two  facilities  (.v;,  yt }  and  (jr«.y*l  among;/  area  destinations 
and  pi  point  dcstirtaihms,  It  Is  necessary  to  minimise 


■*  at 

|4j  lf  'imptx,.  V|.  JTj.  J;j  -  y  ^  ICjA  —  l'i\  } 

}• ‘ 

+  %  V  ajt  f  I  <Uj“aj|+l>i-ss|l<fei<fes  +  r.*tLss— a*|+|yi— yslL 

fit  (T i  J*tJ 

The  weight,  tcji .  ajn»li«-~  to  the  distance  between  facility../,  and  taunt  destination.  i.  while  :pt  applies 
t«  tlie  distance  between  facility,  j.  and  area.  k.  Tim  interfacility  distance  is  wcMited  by  r*». 

As  Imlore.  the  finding  of  the  r  cwinli nates  for  the  optimal  location  of  the  facilities  is  independent 
of  finding  the  y  coordinates. 

Consider  the  minimization  of 


•Si 


PA  i .  JT-)  =  T  Y  irj.ijtJ 


hi  — ml  r 


j  Y 

Js§  feat 


l/i 


-~.f  i.,- 


1  r  tfiff 


In  tie*  ease  /j  =  0  (which,  incidentally,  was  solved  graphically  by  Francis  tilt.  i5)  is  a  polyhedral 
surface  in  i U  f;»f.  jt|.  Xtl  space.  This  is  tnsc  because  terms  soch  as  Hsfixi—  nr)  and  rt;|*i  — X;j  are 
made  up  of  half -planes.  When  p  &  0  mow  the  "edges"  of  the  finlyhedral  sacrface  become  p.tiaiK>»iraIly 
"nmnded**  a«  can  !m  deduced  from  Figure  3. 

I.et  p  be  the  set  of  pmjeeibuts  of  the  edges  on  thea».ts  plane.  Then  P  is  pven  by 
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r  P.  where 


P%  =  {is.  X*  i  »I  =X;l. 

P5=|x,  |  a,  — a,}.  j—  1.2:  1=1.  .  .  ..  m'.and 

j~  1 . 2:  £=!.... 


Assume  that  any  pn^ctoms  correspmding  to  jem  weights  are  omitted  (Le.,  if  ir,  =  0.  omit  pro¬ 
jection  \j  —  a.  i. 
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Those  points  on  the  surface  of  S’Xtmpixt,  a* I  which  are  not  in/*  are  located  on  plane  sections  since 
the  (lirectiun  numbers  of  tangent  planes  can  only  change  in  P,  A  minimum  cannot  occur  on  a  olane 
without  occurring  on  at  least  one  of  the  edges. 

The  search  for  the  minimum  of  WX^mpixi,  a*)  need  iake  plaec  only  among  the  projections.  P, 
A  relaxation  or  univariate  method  113]  is  used  to  find  this  minimum.  The  procedure  is  as  follows  (see 
Figure  4). 

goose 

T«*f  Cj,*^  IS 

SO«»tSTEXj; 


ISETO.-^-  ^1 


!  s  near  mt  m  j-  I 

[  JCCTOti  TMKSJSn  i- 

I  6„  not  CHEtxEO?  i 


]c* STME 
Isoumoa 


1  ftf©  T„ 


I  T.UG.  I 


B  t_  cotonetco 
rs  6«  ? 


Fna  (tt:  t. 


Let  Tm  hr  the  minimum  of  the  cross-section  of  IPXs*p{xi .  x3t  formed  by  a  plane  x*  =  fi  { h  is  any 
constant!  or  x-.  —  x-.  T*  tan  br  found  bv  the  method  of  the  previous  sertiwi.  Lrt  C„  be  a  set  of  point* 
that  all  yir-itj  the  tame  value  of  -  xf i:  at  the  end  of  the  algorithm  the  set  Gm  will  contain  the 

1  Joints  that  define  the  global  nunitaam  of  ff'Xzmf.1  Xt .  X:  t 

T„  is  first  found  fnt  an  arhrirary  projection.  Let  All  fines  of  the  form  x,~h  or  x~,  ®i; 

that  pass  thiougb  7W  an-  investigated  until  points  not  In  (>»  are  produced.  Again  and  tbr 

process  is  ntntinard.  When  no  t  ew  points  ran  be  p'tirralcd  a  global  minimum  has  been  obtained. 
ix»c«I  minima  are  precluded  by  the  fact  that  ft  -Y-=id r . .  x;j  is  convex.  An  example  illustrates  the 
algorithm. 


EXAMPLE: 


Xjl=  1  •  1  ?s~*-  |  J-2- 1  |x,-r,  ;dr.-*- 1  *  I  jxj-; 


f*  . 

■j  i» 

—Xs  lib 


P  Is  given  by  Figure  -*». 


'  *»,  ifl.lt  A1  mVl  wawjsailiii  h  Aaki  mii,iiiti5(!,U!ii‘f|*.  .t*M  flt^^,*'l(i(nrti,.r>?t,«.A<e'ifiRiii^i..'ni(irttii^initmi.’nltiii(ntlii,llitfl((itil!M 
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The  univariate  metbird  of  optimization  applies.  bat  Is  obviously  very  tedious  when  r,  is  large.  It  is, 
of  course.  possible  t«*  program  a  computer  to  do  the  calculations. 


5,  CONCLUSIONS 

Since  points  and  overlapping  rectangular  areas  can  be  used  to  approximate  quite  complex  spatial 
distributions  of  populations  the  methods  discussed  above  would  seem  to  have  applicability  in  urban 
location.  Warehouse  and  plant  layout#  are  often  comprised  of  aisles  laid  out  in  a  grid.  If  the  grid  is 
fine  enough  rectangular  distances  would  apply  and  the  models  discussed  above  could  be  used  to 
solve  -t»mc  material  flow  problems  tsce|4J  and  {6]f 
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1.0  I  YrROvl  <mO.\ 

Constrained  probkms  are  cwtcemed  oith  ir,axis»irin«  or  miaimoitsa  some  res pome, 

of  femetivnaJ  rahie.  sofafret  to  ewnsfraials  on  the  system.  The  fmtethtnal  and  ewistramt*  may  or  may 
not  he  fitii-at. 

Tlie  pnrt-a  at  'aand  b  to  mimmire  takeoff  irrida.  defined  as  the  functfima!  value,  and  >o  drier* 
mine  other  asrrrft  fks%fl  psaarins  winch  are!  a  sprdfic  set  of  jeifcatw  rrqoirwirts.  *)» 
appnadi  to  tin*  publng  may  be  to  pidtira  lilt-  experiment  by  systematic  variation  Ifactorial  desijjnl 
nf  aB  redepe«de«!  parameters  while  evaktatisp  the  fsartmui  at  aB  points  whirh  satisfy  the  ronstrmms. 
The  optimum  solatlon  Is  then  el  sm  os  ifcat  set  of  experimental  reMtdhbms  which  pve  »  mii»mota 
iiir«-t«  u«al  value  with  aB  e*«strm«rs  satisfied.  %  second  approach  ran  be  to  first  evaluate  the  response 
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set  »if  conditions  is  then  perturbed.  uni*  variable  ai  a  time,  and  upper  and  lower  bounds  are  obtained  on 
each  variable  in  the  uei|djborh«d  of  the  optimum  These  bounds  are  determined  such  that  none  of  the 
constraints  are  violated  outside  a  small  tolerance  Emit.  Inferences  may  in-  made  about  which  variables 
have  an  essentially  unique  optimum  vahte  and  which  owes  satisfy  the  constraints  at  the  optimum  within 
some  small  inters.*:  This  indieatrs  multiple  solutions  to  the  initial  problem. 

2.0  PROCEDURES 
2.1  Design  of  Experiments 

The  problem  is  to  maximize  or  minimize  s.-me  re?  ponse  1  for  a  system  In  which  prior  eitperienfe 
indicates  that  independent  variables  A;.  .  .  ..  are  the  pertinent  variables  baring  the  most 
significant  effect  «H  T.  It  is  desirable  to  obtain  an  adequate  solution  by  employing  the  fewest  number  of 
actual  experiments.  The  most  conservative  nmnber  of  measurements  at  each  .4’.  that  shows  any  trend 
with  respect  to  5  » two.  To  perform  an  cxi*-rimeuial  design  to  observe  responses,  a  pr  factorial  design 
can  be  conducted  where  k  is  the  number  of  factors,  Le._  mdr-pendeet  variables,  smd  p  is  the  number  of 
levels  or  particular  value  settings  of  each  factor.  If.  for  example,  a  conservative  /d-  experimental 
design  is  performed  to  observe  response*  affected  by  three  independent  variables,  2®  design  prints 
would  be  selected.  Table  i  indicates  the  treatment  comLlnaiknts  ->  «•■»<  h  design  point  where  —  I  and 
4  I  represent  the  low  and  high  levels  of  the  rib  independent  variable. 


Table  L  T*  Design 


IsirpifBSrm  tsUIr  lewe 

0&vfnr<1 

1 

i 

<■ 

-  i 

-I 

-I 

i. 

1 

-t 

-I 

». 

_  1 
# 

i 

-1 

»* 

i 

i 

-t 

| 

-  1 

_  3 
* 

1 

i 

t 

-  ■ 

a 

i. 

-t 

| 

1 

*s 

i 

* 

i 

| 

If  it  is  unknown  whether  the  response  is  sfreted  by  interactions  between  two  w  more  -A*  variables 
«r  by  tte  second  orsfa r  eSeets  «t  the  -4«  variable*,  then  2k  +  1  points  can  la*  added  to  the  2*  desl^i 
points  already  used  (.»  obtain  a  cempuMie  derij®.  This  pefmus  die  Enins  »f  second  order  seufaces. 
Reference  lip  Th-*  2*+ 1  ad^ioaal  prints  consist  of  one  at  the  center  of  the  design  and  the  remaiB- 
mg  six  in  pairs  along  the  wntfnafe  axes  m  zzu:.  and  ± it;,  respectively.  The  design  matrix  is 
pvrn  ha  Table  II  where  composite  points,  are  added  to  those  «tf  Table  I.  Figure  I  is  a  diagram  of  the 
array  of  derisu  prints  in  three  dtaenstoBid  space. 

If  m  *I  as  —  .  ,  .  —  «r  —  a  for  a  srtrfdr  chosen  o  in  a  euiapuslfc  desiCTs  for  l  factors,  an  •wthvemiiri 
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8.  K 


Iik*  ennsfraJnl  bwirafr. 


CONSTRAINT —  I’Ki.’F* >U MANCK. . —  I'TKFOKM  \\- 0 
anti  f«.*r  iIh*  cWrfd  wlat ;.m 

PERFORMANCE^  *  PERFORM  \N(T,  :. 

the  e*»nstr«ifil  Isec.iines 


CONSTRAINT  =  PKRFCIK\|ANCE 


rr.n 


hif  each  iifH'inBanfT  constraint  and  j»sf  to**  iiinelkinal  iiIijMiive.  there  ar-»  25  values  c»st7eS|«uEdli*g  to 
the  25  sets  *tf  independent  {ttrafflrtrr  value*.  jarfifw  approximating  daia  can  be  A- 

ri-.fij  !»y  esr  of  rcp-ess-kin  analysis.  The  step-sp  repcsshtn  iirojffartt  Used  adds  only  first  and  #ec*»nd 
order  fernis  in  fisc  order  of  ifnpfwTement  in  correlaituii  between  the  actual  and  estimated  n- 

spmse.  lEstimated  wspuise  is  obtained  from  Inc  pr-nmoniial  equait.m.1  Terms  aw  added  until  the 
desired  cjMTcfatfon  Is  obtained. 

2-3  Constrained  Optimum  Search  Procedure 


A  tmulteinatleal  jialfswnl  of  the  ortiftins  procedure  loliws: 

1-et  .1  -  |,I;.  .V; . As)  tea  Tfrtitf  <4  .sdepettdcot  l«yrfes  in  i-dwtsdoiial  jjwr.  !>'  F{  V ) 

and  ( .\  1.  f  j=  i.  2 . ah  tic  citgiinwittc  iusrfWls  which  ■  be  rraQUed  for  any  V  wit!™  the 

vector  space.  Any  .1  for  which  Cj(.Vi  5  0,  y-  I,  2.  .  .  -.  sf  win  he  called  “frastbl  The  awtal 
problem  i(  rrursiraiw*d  EHBiffiitawi  is  t*»  iirtisiw  lib  vector  .V  such  that  F( A, »  is  fc«  than  all  other 

fit  the  constraints.  C,{X. )  -Z  0.  for  aw }  —  1.2 . a.ff  for  any  point  I  <S  O.tbea 

the  jth  constraint  is  *’%kdafed“  at  I’.  Often  C.f.V,  »  -  0  for  i  <  i  <  m.  indicaJtn*  that  the  soIsJIsjb  firs  on 
ntw  «r  more  constraint  b»»s«sdarfcs- 

Hie  dhwf  w  pattera  search  method Hooke  and  Jeeves  |5I  involves  chnsjap  a  #c*  of  .V,  »afae~ 
f»  ihr  vertor  V  and  compuiin;  the  fesetinoaf  |o  he  optimized.  A  search  is  eoJm  iid  with  a  srqur  w  «■  4 
b*w  |“«als  until  an  «fii«ofS  is  cvcnfoaBy  rradbed.  Gl»*  and  >-  •  ]  -  r's  {3  j  rcawntial  <e»H)  wthd  b- 


MIL* INC  CMMIMjIOX  FUfe*£l£$ 

3-0  COJSTRAINED  OPTIMIZATION  OF  AiitO}  AIT  TAKEOFF  WEIGHT 
3,1  Tile  Proldm 


lorest.  /  ,  Jr,.-  ladepeiideiH  variables,  smj  il  i*  seskwj  Ir-  < 
fonmaee  requirement*. 

The  rasps  rf  indriatidfni  vajja^j  mm 
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Table  IV  presents  values  of  the  independent  variables  and  the  associated  set  of  constraint  values. 
The  first  21  design  points  are  those  used  in  the  initial  conservative  design;  2(4)  + 1  design  points  have 
been  added  to  complete  the  composite  design. 

3.2  Composite  Design 


A  full  factorial  design  was  constructed  using  24  points  and  other  points  were  added  to  complete  the 
composite  design.  Table  III  for  four  factors  was  used  to  obtain  a  for  the  additional  points.  Since  the 
standardized  values  of  the  four  independent  variables  between  6  and  1  were  at  levels  0.25  and  0.75 
from  the  permissible  range  — j  to  +1,  a— 1.414  from  Table  2  was  adjusted  to  0.3535  by  the 
proportionality: 


(5) 


a'  1.414 
0.5  2 

a*  =0.3535 


and  normalized  levels  of  each  variable  used  in  the  design  occurred  at  0.5—  a*  =0,1465.  0.5,  and 
0.5  4-  a:~  0.3535  for  the  nine  additional  design  points.  Note  that  0.5  is  the  center  point  coordinate  of  the 
design,  fable  IV  shows  constraint  responses  for  all  21  +  2(4)-F  1=25  treatment  combinations  of  the 
composite  design.  Only  raw.  nonstandardized.  values  of  the  four  independent  variables  are  shown  in 
the  table. 


TABLE  IV.  Design  Point  Constraint  Values  For  24  Composite.  Design  Exin-riment 


Desipn 

"Point 

Number 

Independent  Variables 

7 

Cnnstraint  Values 

ffl 

E3 

M 

0 

Bn 

M 

C(16) 

1 

6 

450 

41.11 

0.15 

18.89 

0.45 

-3934 

0.1144 

-  32.36 

—I 

2 

6 

450 

B 

41.11 

0.65 

18.89 

Lo.os 

-3934 

7165 

-0.13.11 

3 

6 

750 

B 

—3.333 

0.15 

63.33 

0.45 

- 178.4 

1.084 

4 

6 

750 

BeS 

-3.333 

0.65 

63.33 

-0.05 

1.125 

1.084 

5 

8 

42500 

41.il- 

0.15 

18.89 

6.45 

-3658 

■xsi 

-174.1 

-0.1491 

6 

8 

450 

67500 

41.11 

0.65 

18.89 

t— 0.05 

-3658 

1.318 

7006 

-0.1491 

7 

8 

750 

B23 

-3.333 

0.15 

63.33 

0.45 

-8432 

-299.1 

1.059 

8 

8 

750 

BwSJ 

—3.333 

0.65 

63.33 

-8432 

1.143 

6366 

1.059 

9 

6 

450 

63.33 

-3.333 

0.5917 

-2727 

-0.4516 

6 

450 

67500 

63.33 

0.425 

-3.333 

0.1750 

4136 

-0.4516 

M 

6 

750 

0.008333 

50.0 

0.5917 

-1582 

-  1.129 

-2884 

0.5517 

42 

6 

750 

67500 

0.425 

50.0 

-1582 

7723 

3960 

0.5517 

13 

8 

63.33 

-3.333 

0.5917 

2617 

-2870 

-0.4674 

U 

8 

67500 

63.33 

0.425 

-3.333 

2617 

3970 

—  0.4674 

15 

8 

10.0 

50.0 

0.5917 

-1786 

— i:o?7 

-3U,: 

0.5299 

16  : 

8 

750 

67500 

0.4250 

50.0 

CBal 

-1786 

0.7947 

3825 

0.5299 

t  * 

7 

600 

9,883 

0.4475 

50.12 

0.1525 

-7181 

0.8598 

4398 

0.5761 

i 

600 

33.45 

0.186! 

26.55 

0.4139 

1830 

302.3 

-0.0301 

JO _ ; 

5.586 

600 

21.67 

38.33 

-2757 

0.5192 

2289 

0.2487 

20 

55000 

8.414 

600 

21,67 

38.33 

-2700 

2092 

0.2198 

21 

35000 

■? 

387.9 

55000 

71.79 

-11.79 

13.57 

2320 

-0.5432 

20 

.  55000 

-  y 

813.9 

-2.424 

BjP?u 

62.42 

-5903 

■ 

2097 

1.012 

23 

55000 

y 

600 

37320 

21.67 

38.33 

0.6214 

-2614 

-1.178 

—3447 

0,2320 

24 

55000 

* 

600 

72670 

21.67 

0.6214 

38.33 

-  0.02136 

-2641 

1.202 

6570 

0.2320 

25 

7 

600 

55000 

21.67 

0.3000 

38  33 

0.2C0S 

-2641 

2175 

0.2320 
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3.3  Polynomial  Regression 

A  step-up  regression  program  was  used  to  fit  the  data  of  Table  IV  to  second  order  polynomial 
models.  The  first  eight  constraints  C(l)— C(8)  were  merely  upper  and  lower  bounds  on  ff'ro ,AR.S. 
and,  T  as  obtained  from  Equations  (!) — (4). -For  each  regression,  terms  were  added  one-at-a-tinie  to 
the  model  until  the  multiple  correlation  coefficient  K  reached  0.999.  This  means  that  a  plot  of  observed 
responses  against  calculated  responses  would  give  a  line  very  close  to  a  45  degree  line  passing  through 
the  origin  and  lying  in  the  first  quadrant:  this  implies  a  close  estimate  of  calculated  to  observed  re- 
sfKinses.  The  regression  constraint  surfaces  are  shown  in  Table  V. 

TABLE  V.  Quadratic  Regression  Models  For  21  Composite  Design  Constraint  Surfaces 

Constraint  Equation 


C(IJ)  =  26.85 )  t  -  0.003.538  \ ,  -  0.337.5  V,--  0,2796/.'-  3  X  A'f -  0.207/; - 5  x  V,  X3 
at  10)  —  "0.7001  - 0.367/;  — I  x  A’," 0.3.311/.'— O x  A.A'i 
C{  1 1 J = 33.50 15  -  0.00.15  tli.V,  -  0.337  Vj  -  0,2798/.  -  .3  '■  V|~  0.2083/:'  -  .5  x  \V\ a 
Ct  12*  -li.W16-0.3669/.'-  t  y.Vi-  0.3512/.'-9X  \,  V, 

Cl  13}  = -6 1906.5231 -f  I.H%8A\  -  10.37795,  - 0. 1298/; -IX  V; -O.UI  I2Kx  V,\r-t  0jtVi7A'-3  XA’;V,- I.2702A-A', 
ec  14)  =  1.0815  -  0.1261/-; -75  X  V,  -  0.0012861,  -r  0.1213/;  -  3  x  A',  -  0. 162/,’ -8  X,Y;—  0.3124/;—  7  X  AcV. -  O.I7PM  -8 
XA,  1,  i  3.3712/; -  7  X.V»V4 

Cl  15)  —  —.330.5.6797 — 0.2872 x A ,  ,  0,  I960  V,  -  0. 1054/'- 5  x  V; 

C  ( i  6 !  —  — 1 .9.586  -r  fl.’l 10758 1 A  a  -0.J7()1/l/;-7x  -.V,AV  ; 


3.4  Constrained  Optimization  Search  Procedure  and  Sensitivity  Analysis 

The  Military  tangent  search  program.  Reference  {4].  was  employed  to  minimize  the  takeofT  weight 
subject  to  the  hound  equations.  Equations'll)— (4).  and  the  constraints  of  Table  V.  The  search  terminal 
valuer  at  the  optimum  are  recorded  in  the  second  column  of  Table  VC  A-short  program  was  written  to 
porturli  these  optimum  values  slightly  oiie-at-a-time  until  none  of  the  constraint  values  wont  itelowa 
selected  tolerance  limit.- —  0.005.  Keeal!  that  negative  constraint  values  constitute  a  violation.  Upper 
and. lower  limits  were  obtained  on  the  optimum  for  each  variable  while  holding  all  other  variables  con¬ 
stant,  The  percentage  variations  of  upper  from  lower  limits  are  indicated  in  column  five  of  the  table. 
The  variations  for  takeofT  weight  IfVo  and  wing  surface  area  >’  arc  both  less  than  one  percent,  so  ij- 
may  he  assumed  tiiat  the  optimum  values  for  these  variables  are  essentially  unique  (constant). 

The  values  of  aspect  ratio  AR  and  thrust  T  at  the  optimum  are  not  unique,  that  is.  any  value  of 
asi«-cl  ratio  between  the  upjier  and  lower  limits  may  he  selected  and  similarly  for  thrust.  Table  V 
equations  indicate  no  interaction  between  surface  area  and  thrust.  .V-.V,  terms,  so  the  preceding  state¬ 
ment  of  freedom  of  choice  for  both  variables  within  the  Table  VI  limits  is  verified.  If  an  A :.\  4  term 


TABLE  VI.  Optimum  Solution  And  Limits 


\  ana|»f«*  m  C)|*!imiim 

^<*3  frit 
T*-rm«nal 
Valut* 

Until 

I'pjn-r 

Limit 

I’rffTlll 

Variaiion  * 

Takntll  WViphl,  ffW..,,...,..,. 

58.1.57 

.58.1.57 

.58.282 

0.215 

Hallo.  AH ... _ _ 

8.828 

8.828 

8.928 

1.1.32 

Win-  Surfj«t*  Ui-a. 

566.90 

566.W 

0.166 

. . 

61.100 

.50.3)0 

Ta.fiSO 

.50.3 

*  IVrcrnl  Vjri,itk*i!  = 


iL'iiprr  Liroit  —  !j>wrr  Limit  t 
lu»Hri  1.5  mil 


x  |  no. 
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were  present  in  the  constraint  equations,  then  different  asj*eet  ratios  could  he  plotted  against  thrust 
tipper  and  lower  hounds  to  determine  tile  range  of  choice  for  thrust  at  a  selected  aspect  ratio.  In 
actual  aircraft  design  it  is  unlikely  that  the  thrust  parameter  will  have  such  latitude,  but  it  is  probable 
that  some  oj  the  independent  variables  will  not  he  effective  and  hence  not  controlled. 

4.0  CONCLUSIONS 

If  constrained  (or  unconstrained)  optimization  techniques  are  to  he  applied  to  empirical  data 
obtained  front  costly  experiments,  analysis  costs  may  he  greatly  reduced  l»>  employing  the  procedures 
outlined  herein.  This  involves  the  combination  of  a  composite  experiment*.  I  design  to  minimize  the 
number  of  required  experiments  with  regression  analysis  to  obtain  analytical  approximations  of  the 
experimental  data.  Finally  classical  constrained  optimization  techniques  are  used  with  data  from  the 
analytical  form  of  the  response  surface.  The  resulting  optimum  solution  will,  because  of  regression, 
approximate  the  optimum  which  could  be  obtained  using  actual  experimental  data.  !t  is  also  desirable 
to  conduct  a  sensitivity  analysis  about  the  optimum  to  investigate  the  uniqueness  of  the  solution. 
The  response  surface  model  would  again  give  approximate  results  while  actual  experimental  data 
would  give  exact  results. 
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ABSTRACT 

The  dual  linear  piosram?*  av*>c»aled  »iih  finite  statistical  famr<  mre  in\e>tipaiefl  and 
their  •*tditnal  yolaliott*  are  inlcrj»rcted.  The  usual  statistical  £amc  is  aeneraliaed  t«»  a  Ihi> 
siiieti  isnfcfcnce)  ^ame  and  its  jwv^tbte  a|jj»!*caii<»n  as  a  tactical  mode!  »*  discussed. 

1.  INTRODUCTION 

In  this  paper,  we  investigate  the  dual  linear  programs  associated  with  finite  statistical  games 
(i.e..  finite  strategy  and  observation  spaces)  and  interpret  their  optimal  solutions.  Furthermore^  we 
generalize  the  usual  fon&sided  inference)  statistical  game  to  a  two-sided  (inference)  statistical  game 
where  each  player  makes  an  initial  strategy  choice,  partially  implements  his  initial  strategy  while 
making  an  observation  allowing  him  to  infer  about  his  opponent's  initial  choice,  and  finally  makes  a 
secondary  choice  restricted  bv  the  partial  implementation  of  his  initial  strategy^ 

In  Sections  2.  3.  and  4.  we  present  a  hierarchy  ol  three  games  and  their  associated  dual  linear 
programs.  Each  game  in  the  hierarchy  contains  its  predecessor  as  an  imbedded  special  case.  Section  2 
treats  the  familiar  Rectangular  Game.  Section  3  treats  the  Statistical  Game  of  Statistical  Decision 
Theory.  Section  4  generalizes  to  the  Two-Sided  Statistical  Game.  Section  5  briefly  discusses  the 
Two-Sided  Statistical  Game  as  a  tactical  warfare  model.  All  summations  arc  over  their  full  ranges 
unless  otherwise  specified. 

2.  RECTANGULAR  GAME 

Suppose  we  have  two  players  Clue  and  Red.  with  finite  pure  strategy  sets  indexed  over  /  and  J. 
respectively.  Let  a-,j  he  the  payoff  to  Blue  when  lie  chooses  pure  strategy  tel  and  Red  chooses  pure 
strategy  jtj:  we  make  the  zero-sum  assumption  that  is  the  corresponding  payoff  to  Red.  Let 
.n  denote  the  probability  that  Blue  chooses  pure  strategy  i.  and  let  }j  he  the  probability  ihat  Red 
chooses  pure  strategy  j.  The  Minimax  Theorem  assures  the  existence  of  a  saddle  point  in  mixed  strat¬ 
egies.  Moreover,  we  have  the  familiar  dual  linear  programs 

max  v 

(1)  s.t.  ntjXi&n  jej 


xi  >  (b  id 
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100 
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(21  s.i.5'%»55h:  it I 

2-v-« 

J 

Yj  ==  0;  jtj 

either  of  which  can  be  solved  to  yield  optimal  strategies  and  the  value  of  the  "ante. 

2.  STATISTICAL  CAME 

Suppose  that  lied  chooses  first  and  that  Blue  makes  one  of  a  finite  number  of  mutually  exclusive 
and  exhaustive  observations  indexed  over  A.  thereby  allowing  him  to  infer  about  Bed’s  choice  before 
making  his  choice.  Let  pjt  denote  the  probability  (assumed  known)  that  Blue  observes  lek  given 
that  Bed  lias  chosen  pure  strategy  j.  This  game  eau  obviously  be  formulated  as  a  rectangular  game 
where  Blue  itas  pure  strategies  of  the  form  {il-}uk  implying  his  choice  of  inti  after  observing  The 
expected  payoff  to  Blue  is  V  when  lie  chooses  pure  strategy'  and  Bed  chooses  pure 

i- 

Strategy  j.  One  can  write  down  tile  analogs  to  II  I  and  (2)  for  this  game,  but  trivial  rearrangements 
and  substitutions  yield  the  equivalent  dual  iincar  programs 


s.t.  Y  2)  “ijpjixt.  5=  r: 

t  > 

ktk 


Xis  5=  0:  it/.  ktk 


mm  >  wi¬ 


ld)  s.t.  ‘HjlWi  lit.-:  id.  l:ek 

2*“  1 
/ 

yj*0:  jd 

Suppose  we  denote  the  oplintal  solutions  (3)  and  (4)  with  stars.  The  jf£.  represent  Blue's  optimal 
mixed  strategy  in  l>eh3vioral  form:  i.e..  x*.f  is  the  probability  that  Blue  chooses  /  after  observing  /.. 
The  optimal  dual  variables  yield  a  nice  interpretation  for  Blue.  nj  represents  a  partial  value  of  the 

game  wills  resjH-c!  to  observation  k.  an«i  2)  y*t'j*  ’s  she  probability  that  k  is  idwncil.  Hence,  we  can 

* 

interpret  yfPj*  a-  Hie  conditional  (interim)  value  of  the  game  to  Blue  given  that  he  has  observed  k. 

J 

In  conventional  statistical  decision  theory.  Blue  represents  the  statistician  and  Red  represents 
nature.  A  mixed  strategy  for  Blue  is  called  a  "randomized  decision  rule"  and  his  optimal  strategy 
is  called  “niaximin."  A  mixed  strategy  for  Bed  is  called  an  "a  priori  distribution"  and  his  optimal 
Strategy  is  called  "least  favorable."  We  remark  that  there  exist  situations  1 91  where  the  payoff  dejsends 
on  tiie  observation  (i.e..  a^i.  It  should  !«•  clear  that  this  generalization  can  lie  handled  identically. 


4.  TWO-SIDED  STATISTICAL  CAME 

We  now-  assume  that  each  player  makes  an  initial  choice,  makes  an  observation  allowing  him  to 
infer  alma;  his  opponent’s  choice,  and  then  makes  a  secondary  choice  from  a  restricted  set  of  pure 
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strategies.  We  use  the  previous  notation  for  Blue,  and  we  denote  his  admissible  secondary  strategy 
set  by  Mi  C  /  after  initial  choice  i ;  we  assume  /s.l/,-.  We  assume  that  Red  makes  one  of  a  finite  number 
of  mutually  exclusive  and  exhaustive  observations  indexed  over  T.  and  we  let  qu  denote  the  probability 
that  Red  observe-  teT  given  that  Blue  has  chosen  /  initially.  We  de«:nte  Red's  admissible  secondary 
strategy  set  by  Nj  C  J  af*er  initial  choice  j:  we  assume  that  ycA’;.  This  game  can  lie  formulated  as  a 
rectangular  game  with  pure  strategics  of  the  form  (/.  {/VJt.jv)  with  itfcl/,-  and  (/,  {jt\s,r)  with /iCiV/ 
for  Blue  and  Red.  respectively.  Tfie  exacted  payoff  to  Blue  *22  when -lie  cliouses  (/. 

k  I 

{**■}*<*•)  and  Red  chooses  (j.  {/r}oi}-  The  analogs  to  (I)  and  <2>  reduce  to  the  following  dual  linear 
programs. 

max  r 

15)  s.t.  V  J  ^  n~,Pjkqi:A;tm  2=  r>:  «€:Vj.  mT.jtJ 

1  £  ftiJIj  _ 

2  rp-vz^J 

t 

2  Xika  —  lC;:  keK.  if  I 

2  ,r{“  1 

I 

x.km^  0:  meMi.  kcK.  iel 

Sst.  22  2  <ned/,.  ieA'.  ie/ 

>  *  »  *) 

2  tt: «/ 

i- 

2  teT.jeJ 

»Xj 

2=i-« 

/ 

Vji*  5=  0:  neAj.  reT.  /cj 

Again,  we  have  a  behavioral  representation  of  the  optimal  strategies,  ir*  is  the  probability  that  Blue 
chooses  i  initially,  and  if  <>0- is  his  piohabiiity  of  subsequently  choosing  melfi  given 
that  /  was  chosen  initially  and  k  was  observed.  Again,  the  optimal  dual  variables  yield  a  nice  inter* 
pretatiou  for  Blue.  We  can  interpret  u^/ 2  ~}P}x  as  the  conditional  value  of  the  game  to  Blue  srven 
that  he  chose  /  initially  and  observed  k. 

5.  TACTICAL  APPLICATION 

The  Two-Sided  Statistical  Came  may  lie  useful  as  a  model  for  tactical  warfare  where  lioth  sides 
have  reconnaissance  capabilities.  Supjmse  that  in,  represents  Blue's  subjective  probability  of  mission 
accomplishment  given  that  lie  selects  /  and  Red  selects  /.  The  value  of  the  game  Is  then  Blue's  un¬ 
conditional  subjective  probability  of  mission  accomplishment.  Zero-sum  |iayoff  represents  the  usual 
conservative  "worst  ease”  criterion. 

A  value  can  he  assigned  to  any  particular  tyjw  of  reeonnaissanee  (e.g..  aerial)  by  solving  the  game 
with  and  without  it.  the  difference  ;n  values  representing  tlie  inerrment  of  subjective  probability  of 
mission  accomplishment  contributed  by  the  specified  tytw  of  reeonnaissanee. 
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ABSTRACT 

Sjprjstim!  re>ylj*« arc  dratn!  fer  mioJfS  with  m|*at  and  state- 

drfradrBl  Klbn;  -ct' ter  linir>  in  iKrti  *jf  the  p'»^<"ibU-  li-r  of  ibis  ondd  t*» 
atSliKT  4//C/  1-Iil.c  sla:*— rf<-iirc-J*-nl  qunas  in  a  mjnmr  susSar  m  thal  by 

K.fj-n-hinr.  and  by  Kendall.  and  K<aia!t.  Tbotaps*«o.  and  Wii^li  f««rlbr  Af/G/I.  Vumem-al 
printers  arr-  indicated  fnr  ibf  evaluation  of  siati*tuty  iUlc  ptoUKHliis.  aptctnl 
-Wm  ««c*  and  waiting  limrs.  and  jaramrt rr  estimation. 

I.  INTRODUCTION 

In- new  of  the  history  of  the  use  of  Erlangian  distributions  as’apprpximations  for  more  general 
types  of  inter-arrival  and  service-lime  distributions  in  single-server  systems  (see  KendaUfaj)  and  of 
recent  papers  by  Kosenshinc  |7J.  and  Koiiah.  Thompson.  and  Waugh  [6J.  some  results  are  developed 
in  this  paper  for  queues  with  Poisson  input,  state-dependent  Erlang  service.;  and  one  server.  In  .view, 
of  the  reasonably  favorable  results  the  authors  of  {6J  found  in  their  evaluation  of  Erlangian  approxi- 
ntations  for  G//C/1.  it  is  suggested  here  that:  a  similar  approach  could  Ik-  used  for  queues  with  Poisson 
input  and  general  hut  state-de{>endent  service  limes  and  that  these  models-should 'provide  reasonable 
estimates.  The  particular  emphasis  of  ihis  pajx-r  is  ujwnthe  procedure  for  determining  stationary 
probabilities  for  the  M{Gf  I  state-dependent  queue  with  Erlang  service. 

The  general  state-dependent  system  witli  Poisson  input  can  lie  described  in  the  following  manner: 

(II  Customers  arrive  as  a  simple  Poisson  process  with  paramctcrA. 

|2>  Tlie  customers  are  serviced  singly,  first  cone,  first  serv  ed.  I>y  one  server. 

(?)  The  service  time  of  each  customer  is  conditioned  on  the  number  in  the  queue.  Service  times 
of  customers  beginning  service  with  tlie  same  number  n  in  the  system  arc  independent  arid  identically 
•listribufed  random  variables.  {7*,.  n  —  1.2.  .  .  with  cdf 

r>Ai)  =  lfr{Tm^i}. 

The  departure  process  of  this  system.  {.V*.  /.=  1.  2.  .  .  .  |AY— number  of  customers  in  the 
system  immediately  after  the  i  t  It  customer  leaves  the  system},  is  a  Mstrkov  chain,  independent  of 
the  form  of  the  set  of  cdf's  {HKlt) }  (4j.  The  transition  matrix.  V—  [/>;,!.  of  this  imbedded  chain  is 
given  by 
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where 

U  ?  I::J=  l‘r{,  arrivals  duringafull  service  period  |y  were  in  the  system  when  service  began] 

=  (1/f!)  j  irulJjydBjij), 

It  is  clearly  seen  for  r  >  0  that 

P:j=h-t- ».*  O'^f-ij, 

and  that 

IH >=ki>- 

II.  RESULTS 

More  specifically  now.  it  will  he  assumed  that 

~ — ~ , - dt  (for  all  ni. 

\S*  I); 

that  is.  that  the  service  times  of  Blrf*  customers  arc  distribute,!  according  t»  an  Eriang  ivpC  -5. 
Hence.  fn>nv  ii  b  ‘ 


Oo=tl/ri)  [*  - r"}'dt 


Uj-m 


=jp£ij?  j. 


(It-sy— 1>! 

il(s,^l)!  (X-Mi)t*V 

T 1 )  l)'-y. 

If  the  utilization  factor  py  i«  defined  as 
then 

*6=f  '  y  j  \f>jis}VHpj!sj~  I)-y. 

Tire  chain  is  ergudie  when 


12 


Jim  sop-M, \Pj—  2  ’d-.r^Pj)  <  1  [5j. 

i  — I 

When  the  steadv-statt  likiniiiiLin  <-  >  r  •!.  _ _  .  .  , 

I".  ,,f  ,he  5>^?rin  ^«c  exists,  it  IS  the  solution  of  the  sv^tcm 
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transition  nisi n\  f*  i>  iheretore  piv*8^ 


*H  -il  Jfji  *31 


0  (I  km  Li 


0  0  0 


and  the  ^eneraling  functions  Lv 


Kd:}=y  kuz 


A';f-}-A'{;) — Y  kjz*  t/=2. 3.  .  .  .}, 

where  kjt  and  L-,  would  he  p*en  hy<5i  and  j6).  nspeclively.  Therefore,  from  Equation  c4L 

<f}  *  *  feJ  -  {[=KjUJ —  Ai;«  -  A (;)] - ,} ■  — A{;j  ] . 

f'  amJ“l  3r**  **!>,ai,**d  tor  Stm  findiu"  the  limit  wfllfc)  as;  "no  to Since  A.H)-i  iTi; 
rule  is  used,  and  it  is  found  that 

firn;~? f,ul  ~  c  K»t 1 )  ^A'I(lj-A'(I)j-*^[A,{l)-^A'{n^-A';n}— A'fU]- ,}/[!*- A'l!)]. 

i»ut  -  -  - 


Hence 


k^\,=y„.=Pi_ 

j-i 


« W U >  —  I = s-r{ i *t-p,  — p)/| i  -/»! ■f-iiO»i-pj|( I  -pi. 
where 

pi**p tor  1*2*2: 

A  Second  equation  in  «i  and  ~ s  Is  obtained  from  Cvl.cramek 

i'l  f' -•  “ . 

When  .hese  t  wo  linear  equations  in  and  rr»  are  soHedsimullaneoasIc.  it  is  found  that 

p)/(i>t  —  p) 


where 


[ !  “*'«tlU—  plfCfcw'i-pi—  p). 


;i;  --  i-A  u- 


But.  from  lol. 


Hence 


>-m —  litfltBi'Hr 


■pj»|I  *  i,#i— pilji/i,  +  i|*»l 


NT.M'K  UMI'KNKKNT  ^I'.HVICIi  j(f7 

mill 

~  I  <7M/*i  •  1 1*1  -  I  I  I  I  /I  |/|  I  i  Ifn  l>)  ln\ln\  I  I  )*l  |, 

I  In*  ifiiiiiliiliiu  nr,  vmmiIiI  lie  nliiiiiiii'il  liy  lii'iniliiti  Kifiiiiiinii  i,1|,  Tlic  mmlnnmy  ilUli'llnillnn  whiiM,  In 
I'lll'l,  I'SUl  wIll'lll'VI'l'  fl  -  I,  or  I'ltlllM'.  lilt'  ('I  III)  |  Mil  111  l(l||  III'  lilt'  |  Tfi  |  lll'I'llllll'K  nillll'l'  ( '  1 1 1 1 1 1 1( '  l'N(  I  MIC  VOI’)’ 
i|iili'Uy,  mi  mi  ii|i|imil  l«  nimlc  in  ilm  i'iiiit|iiii<*i,  Niinmrleol  viiIiick  nf  the  (m|  mm  ilh|iloyml  In  Tnlilc  I 
1'nllmvlnn  l  lie  I  cm  I'm'  miiim*  ly|ilciil  viilni*n  n|'/i  iiimI/h.  with  m  mnl  s  llxml  m  iln*  mil  ininmnil  vnlnm*  nl' 
-  mnl  4. 1'l'KiH'i'llvely,  Of  onimm,  xlinlliii'  cnli'iilmlniiK  cun  iiUn  In*  iM'ilminml  dimply  fnr  mlillrmy  viiIiick 
nf  mnl  d . 
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TABLK  1.  /'/(/)  vs  RIIO ,  KIWI  I'lXMJ -CnMUiuml 


A//01=  1.0 
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TABLE  1.  Piit)  vs  RHO,  RHO!  FIXED -Continued 


RHO\  —  5.0— Continued 
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Two  interesting  side  computations  fall  out  nicely  from  Equation  (7),  namely  the  expected  system 
size  and  waiting  time,  since 

£[Jv]*>/.=  iru). 

L  is  found  by  the  successive-application  of  KHopitaj’s  rule  and  use  of  the  facts. that 


A'.(D=1 


and 

R;  Cl)  ~Pi‘ 

and  the  expected  waiting  time  if'  follows  from  Little’s  formula  as 


IF=LI\. 


III.  ESTIMATION 

Clearly,  the  analysis  of  any  problem  along  the  lines  indicated  in  this  paj»er  depends  on  the  ability 
to  obtain  estimates  of  the  parameters  (/*„.  s„)  for  the  Erlangiah  density  to  be-used.  It  turns  nut  that 
maximum-likelihood  procedures  are  not  too  difficult  for  this  problem,  and  would  be  recommended, 
especially  in  light  of  their  desirable  large-sample  properties.  An  outline  of  this  procedure  follows.  In 
the  event  of  a  small  sample  the  reader  is  referred  to  |8J. 

The  parameter sH  can  assume  only  integer  values  and  for  a  given  value  ofs..  it  can  easily  be  shown 
that  the  maximum-likelihood  estimator  tor  y„  js  simply  sjl.  I  the  sample  mean.  This  follows  from  the 
fact  that  the  density  may  fcs  written  as 

/>«(/)  =  (isa"P‘>~,e~^x'l(sK—l)l 


and  hence  the  log-likelihood  based  on  k  observations  as 


Jf-Snk  In  — 1)  ]£  D 

i>l 


—  — X  ln  (s,— 1)1 

i- 1 


Therefore 
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Now  to  get  the  cumpleie  pair  t/i „ .  j  „S .  consider  sfl  to  be  a  continuous  variable*  and  proceed  in  the 
usual  way  to  obtain  the  MLE  of  x  for  the  gamma  distribution 

fin  -  (x'tJ  l  it). 

A  description  of  this  problem  appears,  for  example,  in  a  recent  article  by  Choi  and  Wette  [1],  The  esti¬ 
mate  x  is  found  as  the  numerical  solution  to  the  nonlinear  equation 

k  log  i-rky+klx—kx  J  log  /—  Y  log 

W  i«  I 

where  y  is  Euler  s  constant.  So.  finally,  the  MLE  of s^,  ja.  is  cither  [x]  or  j  .1  ]  + 1  (where  j  i  1  is  the  great¬ 
est  integer  in  v).  dejwnding  which  gives  a  biglter  value  of  the  log-likelihood, 

IV.  CONCLUSION 

Techniques  of  the  sort  outlined  in  this  paper  should  have  fairly  wide  applicability.  One  such  possi¬ 
bility  which  comes  right  . to  mind  is  the  continuous-review  (5—  L  5)  inventory  problem  [3j.  If  demand 
on  an  inventory  system  is  Pdissoih  the  reorder  leadtime  a  random  .variable,  arid  the.  policy  selected 
(S—  1,  5)  with  one-Tor-one  ordering,  *  lien  the  orders  enter  a  single-server  queue  and  queuing  results 
would  he  used  to  obtain  expected  inventory  costs  as  a  function  of  S  in  order  to  obtain  the  optimal  value 
of  S.  If,  in  addition,  the  leadiintes  have  arbitrary  state-dependent  distribution  functions,  then  the 
approach  to  state-dependent  queuing  described  herein  would  be  used  to  obtain  the  expected  Inventory 
costs. 
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ABSTRACT 

Fur  each  n.  «  -  --  A.(jj)  are  indepefiden!  and  identically  distfiboied  rands*!*! 

variables.  i*i!tt  common  prs*babiiitY  density  function 

/(a)  =  0  fora  <  d 

for 

wltefe  c,  d9  a.  and  ri)}  are  all  unknown.  !t  is  shown  that  we  can  make  asymptotic  inferences 
rbmt  c.  &.  and  a.  when  fir)  satisfies  mild  conditions, 

I.  INTRODUCTION 

For  each  ».  A  .in),  .  .  ..  XB[n)  are  independent  and  identically  distributed  random  variables, 
with  common  probability  density  (with. respect  to  Lebesgue  measure)  fix),  distribution  function  Fix), 
satisfying 

fix)  =  0  for  x<0 

fix )  -  c{ x  —  0)°  [  1  t  r ( x  —  0) ]  for  x  ^  0. 

where  c,  9,  a,  r(>)  are  all  unknown,  except  that  we  know  c  >  0.  a  >  -  1.  and  1  r{y)  j  S  AV  for  all  v  in 
some  interval  [0,  Aj.  where  K,  y,  and  A  are  all  positive,  but  are  otherwise  unknown.  A  very  great 
variety  of  density  functions  which  assign  zero  probability  to  the  left  of  some  value  9  satisfy  these 
conditions.  For  example.  f(x)  —  [1  +  r(x  — 0)].  where  w(x)  is  a  Weibul!  density  with  location 

parameter  9. 

We  are  interested  in  making,  inferences  about  c,  0 ,  and  a.  without  making  any  stronger  assump* 
tions  about  r(y)  than  those  already  made.  It  seems  clear  that  we  will  have  to  use  only  the  smaller 
observations,  or  else  the  particular  unknown  r(y)  will  influence  our  inference  about  c,  9,  and  a ,  and 
wc  will  lose  control  over  levels  of  significance  and  confidence  coefficients.  But  we  would  like  to  use 
as  many  of  the  smaller  observations  as  possible,  to  avoid  wasting  information.  The  main  purpose  of 
this  paper  is  to  iuveslipHe  how  many  of  the  smaller  observations  we  can  use.  as  n  increases. 


2.  THE  ASYMPTOTIC  DISTRIBUTION  OF  THE  SMALLEST  ORDER  STATISTICS 

Let  Ki(#)  =  fi(n)i  .  .  .  §!,(«)  denote  the  ordered  values  of  A'i(n),  .  .  ..  A»(n).  For 

each  it,  let  f  in)  denote  a  positive  integer  not  greater  than  n.  Define  O.(n)  as  ~ —tYAn'i  —  fTi"*3  for 

«+  1 

>—  I . k{n).  Denote  the  joint  probability  density  function  for  (Mb),  .  .  ..  (!«»»  by  gm(qt. 
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,  #  /  .  \  t  i  ^kimi  j  )  .  <  f  ^  !  1 

{„-*{»})  lop  I - —  si-rr  (  — 


In  aboluic  value,  expression  |2.2*  is  less  than  kin)]  lop  {- 


— -j|.  Using  the  f« 


lop  (1  —  a)  =  —  - .  where  |.t|  <  j.vj.  w  find  that  in  absolute  value  expression  (2.2 1  is  less  than 

I  —x 

Ha)~  1 

. ,  .  n  ,  ,  ,  .  kin)  ~  1  ...  ,  .  kin) 

!.(n)  - - - —  .  where  *et/i)i  < - - .  Since  liv  assumption  — r*  approaches  zero  as  n  increases,  it 

i— tin)  ‘  n  *  Vfl 

follows  that  (2.2)  converges  to  zero  as  n  increases. 

Define  lf'B  as  '  ~.  The  asvmpiolic  distribution  of  If',  is  standard  normal.  — — =  — ' 

\>k{n)  '  n  n 

t  ~  and  thus  — —  Coliverpes  stochastically  to  zero  as  n  increases  This  Implies  that  with 

it  n 

probability  approaching  one  as  n  increases,  expression  (2-.Ti  is  less  in  absolute  value  than 


k(n)  ?,.g  |  i  -ft  -“-  -"J7— *  j  /.(«)  iopf  i  -i  h' 

\  I  /  \ 


j(a+nao+(2±i)vj!;-lr. 

!  m  rn  I 


arid  site  last  expression  is  easily  seen  to  converge  stochastically  to  zero  as  n  increases,  using  the  fart  that 
Jim  ~j~  —  0  ft>r  any  6  >  0.  Thus  (2.3)  converges  stochastically  to  tern  as  n  increases. 

Using  the  fact  that  Za.\—k(n)  +  V/;{n)  If  ,,  the  property  of  f(y)  developed  above,  and  the  con- 
l'(tt  1 

vergence  of  '■  -  to  zero,  the  expansion  of  the  log  in  <2,4)  shows  that  (2.41  can  be  written  as — +  A(n). 
n 

where  Atn)  converges  stochastically  to  zero  as  n  increases. 

Collecting  the  information  about  (22).  (225).  and  (2-4) developed  above,  and  taking |2L5j  into  act  mini, 

we  have  shown  that  log  *  *■■**  y'-—  converges  stocliastically  to  zero  as  n  increases.  The  proof  of 

.  -  ••  /toi) 

the  theorem  is  now  completed  by  using  the  argument  given  on  pages  261-262  of  Ref.  (I  j. 

In  the  next  section,  we  discuss  the  application  of  the  theorem  to  inference  about  c,  0,  and  a,  The 
application  is  based  on  the  fact  that  the  asymptotic  distribution  of  1  •in},  ,  ,  ..  Tm» tin)  does  not 
drpend  on  r(v). 


3.  APPLICATION  TO  LARCE-SAMPLE  INFERENCE 

There  are  many  ways  to  choose  a  sequence  satisfying  the  hypotheses  lint  k(n)  =  *. 

kin)  ,  .  • 

lim  — ~  =  0  for  everv  5  >  Q.  For  one  example,  kin)  —  the  largest  intecer  in  log n.  For  another  example. 

kin)  =  the  largest  integer  in  o'1"1  Supjaise  that  we  *.:!«toni>  choose  one  particular  sequent 

kin) 

{Hr)}  satisfying  lim  I(r)  =  *.  lim  — r-~0  f«*.  every  8  >0.  Then  the  theorem  of  Section  2  tells  us 
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that  for  all  asymptotic  probability  calculations,  we  can  assume  that 


I 


Y:  In) 


<#  + 


for  /=  i . I: in ) .  where  t<,,  l .  ,  .  are  independent  and  identically  distributed,  each  with 

density  function  f*  for  u  >0.  We  note  that  the  unknown  function  riy }  plays  no  role  In  the  joint  dis¬ 
tribution  of  Kftfi  J . Y Lt.ii n )  resulting  from  the  assumption  that 


i 


so  «ur  objective  of  getting  rid  of  rtyt  asympititically  has  been  achieved. 

Even  using  only  1  dn).  ,  .  Knot^!  lor  purposes  of  inference  about  c,  9.  and  a.  and  thus  gening 
rid  of  riy)  asymptotically,  the  |«robIem  of  constructing  asymptotically  optimal  tests  or  estimates  is 
very  difficult.  being  closely  related  to  the  corresponding  inference  problems  with  respect  to  three 
unknown  parameters  (location,  scale,  and  «hape|  of  a  Weibilii  distribution.  However.  using  the  repre¬ 
sentation  of  bln) . fthjfB)  in  temis  of  JJ  j.  ....  it  is  easy  to  construct  consistent  esttnta* 

tors  of  c,  6.  and  «.  as  we  now  show. 

Suppose  Yin)  is  even  for  each W'e  can  write 


Y  um 


-Y,  A  L 


.*<•») 


iV,  +  . 


[rfe<r*+-  • 

I 

and  the  expression  on  the  right  is  easily  seen  to  converge  stochastically  to  2  «**»  as  n  inaefises,  It 
follows  directly  that  a  consistent  estimator  ofa  is 


Abo.  assuming  that 


log  2 


=  a(n).  say. 


J**p  g 

— ... approaches  zero  as  n  Increases,  it  can  he  shown  that 

Vt(n) 


<o(wl  4- 1  )e(n) 
n<  Km.,  —  hi  (n )  s 

is  a  consistent  estimate  of  r.  t  i(b)  is  a  consistent  estimate  of  fl.  Once  again,  we  emphasize  that  these 
estimates  are  consistent,  hut  not  asynirtotically  efficient. 

The  same  analysis  can  tic  applied  t«  the  situation  where  fix)  has  an  upper  endpoint.  «r  kith 
an  upper  and  a  lower  endpoint. 
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1.  INTRODUCTION  AND  SUMMARY 

We  consider  an  inventwy  system  consisting  «f  two  installations  in  senes.  AD  incoming  orders 
arrive  at  the  upper  installation  ttlsc  st**cking  |srinl>  are!  all  demands  originate  at  the  lower  InstaUatioo 
{the  fieltk  Each  period  two  derisions  are  made  at  the  stocking  print;  how  much  to  order  from  outside 
s5:e  system  ami  how  much  t«  ship  to  the  field.  The  derision  **f  how  much  to  order  from  the  outside  is 
made  first  based  on  the  amounts  of  stock  on  fund  at  the  two  installations-  If  any  stock  Is  ordered,  it 
b  delivered  immediately  I**  the  5!<*ck«ng  print.  Next  a  forecast  «f  the  demand  in  the  current  period 
Is  sent  Irion  tfte  field  to  the  stocking  prim.  Based  on  the  forecast  and  the  amounts  of  sliri  at  the  two 
installations,  a  decision  to  ship  a  certain  amount  of  stock  to  the  field  is  taken  This  stock  is  shipped 
to  the  field  immediately.  Our  g«*a!  is  to  make  these  tju  dtrifkiBs  In  such  a  manner  as  to  minimize  the 
total  mperiod  cost  for  this  inventory  system. 

There  is  an  alternative  interpretation  for  the  demand  forecast.  In  actfta!  Inventory  systems  the 
tsrld  installation  usually  transmits  its  current  demand  to  the  stocking  print  in  the  form  of  a  requisition. 
Frequently  the  requisitions  received  a!  the  stocking  punt  are  in«nmlr  due  to  key  panel*,  errors, 
transmission  errors,  or  errors  in  preparation.  The  net  efleei  of  thes^.  rmi^  that  the  st«?ckioc  print 
may  process  a  demand  considerably  different  from  the  tntr  demand.  These  errors  lead  to  criers  in 
the  knowledge  «*f  the  asset  positions  at  ttie  two  installations.  It  these  imrenlial  errors  in  asset  position 
are  corrected  at  the  beginning  t?f  each  p>-riod.  then  we  can  think  of  the  errured  demand  transmitted 
from  ihe  field  as  taring  our  demand  fierrasl  and  the  model  will  he  the  same.  If  the  errors  ate  not  r»;r- 
reefed,  we  are  led  to  models  of  a  different  s«*n  which  «r  treat  in  Ref.  j3L  For  a  sOehity  different  treat¬ 
ment  of  imperfect  demand  informaltoii.  sec  Ref.  J3J. 

Oar  cost  structure  is  as  {oiise.es.  At  the  storking  (Mat  dr.staltatkin  1 1  we  assJtne  a  linear  purrhasinE 


TW-.  ns.  j  i  N  -j  ,  r. : 
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cos!  with  a  set-up  cost  for  any  positive  order  and  a  general  convex  one-period  expected  holding  and 
shortage  cost.  In  the  field  (installation  2 1  we  assume  a  linear  cost  for  shipping  from  the  stocking  point 
and  a  general  convex  one-pciiod  expected  bidding  and  shortage  cost  conditional  on  the  demand  fore¬ 
cast.  Excess  demand  In  the  field  is  completely  backlogged. 

With  this  cost  structure  we  find  tiiat  the  optimal  n-period  ordering  policy  at  the  stocking  point  Is 
of  the  l»«.  form  and  the  optimal  shipping  policy  of  the  single  critical  number  type,  Fmfhermore, 
to  calculate  these  jMiticies  we  can  take  advantage  of  the  fact  that  the  total  optimal  expected  cost  for 
the  e-period  problem  can  be  factored  in  such  a  manner  as  to  make  the  ealeulatlQO*  comparable  to  those 
required  for  two  single  installation  models. 

The  Idea  of  the  factorization  for  multi-eclsekin  models  was  first  introduced  by  Clark  and  Scarf  (1 1 
in  a  highly  original  paper.  Our  model  is  essentially  theirs  with  the  addition  of  the  demand  forecast. 
Hi’S  trick  of  factorization  has  also  been  exploited  in  Clark  and  Scarf  [2]. 

2.  TIIE  OPTIMAL  ORDERING  AND  SHIPPING  POLICIES 

We  begin  by  setting  up  the  functional  equations  governing  the  inventory  system.  Let  the  purchase 
cost  at  the  stocking  point  be  given  by 


c(=>H 


where  z  is  the  amount  ordered.  Let  Li  (yi )  he  the  one-period  expected  hoMtog  and  shortage  *  >>-*  at 
Installation  1  when  site  total  system  stock  after  the  current  order  has  arrived  I-  %•.  Tie  sKppIttfi  cost 
from  Installation  I  to  inslallation  2  is  linear  with  unit  cost  c;.  The  one-period  exacted  hoidhtg  and 
shorten  cost  at  installation  2  is  /-sOs|t?L  where  v-  is  the  inventory  level  in  the  field  after  receipt  of 
any  stock  shipped  and  q  is  rite  demand  forecast  for  the  period.  Ut/^lii,  be  the  optimal  expected 
n-period  cost  when  the  total  system  stock  at  the  beginning  of  the  first  period  b  act  -  and  the  inventory 
level  at  installation  2  b  *.  Similarly  we  let  .  x%.  ij)  he  the  optima!  n-period  owl  when  the  total 
system  stock  after  delivery  of  the  order  placed  at  the  beginning  of  the  first  period  w  %%.  tire  fatventMy 
level  at  installation  2  b*.  and  the  demand  forecast  b  r,.  If  «*(0  <  a  =S  Jib  die  dbcoont  fader  and 
f is  the  demand  in  the  first  period,  then  t  lie  sequences  !/■:«&  0}  andfgg :«»  1}  satisfy  t^foDowwg 
system  of  functional  equations: 


s~Xz.Tr)}- 


nun  {cz  *  fys— *  i  +  Lz{ys jq)-r  aEf 

’ t 


fa\Xs~xz)~  min  {cify'i  —  Xi) -r /-i(j'i) +E»{g*(y«. x?.  q}]}. 

where  *5*  I„ /i*0.  E‘.~,  denotes  the  eondttiona!  expectation  with  respect  to  tire  deisat) 
the  forecast  q.  and  E-  denotes  the  expectation  with  respect  to  the  forecast 

The  principal  tool  used  In  obtaining  our  main  result  b  the  following  lemma  of  Karnsh|4|. 
LEMMA  1:  Let  C(y)Ae  a  real  raised  com  rex  function  on  f—  ».  +  *}  and  form  the  fmmetiem 


X\ 


where  C*  is  convex  nandecreasing  and  Cs  is  convex  nonincreasing.  By  using  this  lemma,  we  easily 
obtain  Theorem  1: 

THEOREM  i://I,i  is  nw«  and  Lgl’\nf  is  contex for  all  mines  of  rj,  then 

*1)  -  'If.  .1;  Ig|  ~  tl. 


Imlxi,  xd  —JJlx i!  -  ! :  ij  i 


/or  ;i  S  | .  where  f;  fin//  g‘l  •.  ijj  ore  convex  Jot  all  rj,  and  I  *  and  pM!  *.  ij  i  ore  K-comex  for  all  7j. 
PROCh:  The  proof  will  be  by  induction  on  n.  Ld  n=  1»  Then 

*(ji.rj.fl)=  min  leg  *  w  *#  1.  •  ?)  i 3 — ■;  ■  x;. 


Using  Lemma  1  wehave(l~lwithb©thgj|*.'i})  n) convex  for  all  7>.  No w/  can  be  written  as 


/•  la  i .  a;  1  =*  min  |ci  iyi  ~ *i )  +  /h t+fc 


‘  1  '*  !'■  '  ‘  .1  '  .  IJ  *  • 


Bat  the  first  !<  rni  on  the  right-hand  side  of  t3|  Is  Areonyex  bythe  standard  theory,  tf.  Scarf  fij,  and  the 
second  term  is  clearly  convex.  Tim-,  we  have(2)forn~  I, 

Assume  now  that  the  result  is  true  for  n = iV—  1.  Then 

t4)  gcbri.  x?.  rj)  —  ^  min^ 

.  '  '  -  -  - 

Again  the  first  term  on  the  right-hand  side  of  (4)  fc  the  sum  of  a  convex  function  ofaci  and  a  convex 
function  of  ,r:.  The  second  term  is  K-coavex,  Since  tin-  sum  .«*  a  convex  function  and  a  K-coriyex  func¬ 
tion  is  K-convex,  (1)  follows  for  n = <Y.  To  complete -tin-  proof  we  must  show  (2!  for  a  —  A7.  But  this, 
follows  hv  the  same  argument  used  for  n=  1.  , 

As  an  immediate  corollary  we  obtain  the  form  of  the  optimal  ordering  and  shipping  pofictes. 
COROLLARY  1;  Voder  ike  hypothesis  of  Theorem  I,  the  optimal  ordering  policy  m  the  n -period 
is  of  is0.  Sai  type: 

if  Xt  =3  sn.  order  tSs—  x-#. 
if  x t  >  s:,.  order  nothing: 

the  optimal  shipping  decision  is  ojifl-q  )  type:  for  a  formast  of  n 
i/x^Ss,  and  x-  ^  \r,;  r>).  ship  min  {(LI^J-xj),  (5%—  Xsll. 
if  ti  >ss,  and  x-  ^  ship  min  |il,(n)-X}},  (Xi — X;)}- 


if  x-  >  x-(rj),  ship  nothing. 
Furthermore,  the  policy  parameters  s, 
functions  of only  one  rmiahfe. 


s.lfjl  can  mi  be  calculated  re€tmirei%'  based  on  cost 


.1.  ACKNOWLEDGEMENT 

We  are  paleful  to  Professor  A.  F.  Veinott,  jr.  of  Stanford  University  for  heipfiii  dhcossions  on 


AHSTKACr 


im-  i«mcd  mkiviQv<uttovjr  Le™  iaratay  pc^aoiiij!  lo  lhe  ©rerill  smsctore  «f 

inwntorjr  system.  I  i;'‘  sanicalar  inventory  system  I*  if#  logi  aics  Support  system  for 

I » -Lir»-  sttfemanne  force.  The  context  Js  one  of  .a  military  imeidwy  system:  houtvcr.  the  fsoUcicg 
esaBilaecl-are  of  Importance  in  hoamiEiary  systems  where  Item  failure  rates  are  low  and  only  periodic 
aecess  i*>  res  apply  ,  is  possible. 

The  terminology.  noaiHiipinr  poircirs. «  wed  to  ewphaslie  tire  man  thrust  of  the  oanerirfilrh 
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Mention  needs  to  be  made  of  the  usage  rates  used  in  generating  submarine  demands  for  repair 
parts.  Expected  item  usage  rates  per  patrol  were  developed  from  technician’s  estimates  contained  in 
the  Navy  files  just  referenced.  Fur  consistency,  these  p.itrul  usage  rates  were  used  in  both  the  computa¬ 
tion  of  item  stock  levels  at  each  echelon  and  in  the  simulation  of  units  demanded  per  item  per  patrol,  t 
Since  our  purpose  was  to  estimate  the  effectiveness  of  alternative  inventory  policies,  rather  than  to 
measure  effectiveness  for  the  real  life  system,  the  technician’s  estimates  were  used  without  modifica¬ 
tion  in  assessing  the  adequacy  of  supply  to  meet  demand. 

2.  ALTERNATIVE  INVENTORY  POLICIES 

In  this  section  we  describe  several  alternative  inventory  policies.  In  choosing  the  policies  to  be 
simulated,  the  objectives  sought  were  twofold:  (1)  to  assess  the  effects  on  a  Polaris-type  logistics  system 
of  various  rides  for  stocking  the  tender  echelon,  and  (2)  to  assess  the  effects  of  a  reduction  in  stock 
levels  at  the  end-consumer,  i.e.,  submarine,  echelon.  The  decision  to  focus  on  these  aspects  of  multi- 
echelon  macro-inventory  policy  wus  based  on  the  structure  of  the  Polaris  logistics  system.  As  noted 
previously,  ion  the  Polaris-logistics  system,  resupply  of  submarines  is  periodic.  While  submarines  are 
•on  station,  they  have  no  access  to  the  r>  jppjv  system.  This  characteristic  of  the  logistics  system 
suggests  that  consistent  with  dollar  and  storage  constraints,  the  range  and  depth  of  items,  be,,  the 
number  of  different  parts  slocked  and. number  of  units  su  cked,  respectively,  at  the  submarine  echelon 
.should  baas  large  as  possible.  On  the  other  hand,  the  basic  tree-structure  of  the  Polar:*  logistics  system 
andrjhe. uncertainties  of  demand  suggest  that  the  depot  should  be  considered  as  the  primary  resupply 
echelon.  Given  these  premises,  we  examined  the  impact  on  logistics  system  effectiveness  of  policies 
whose  intent  was  to  reduce  system  costs  by  reducing  stock  levels,  first  at  the  tender  echelon  and  then 
at  the  submarine  echelon.  No  simulations  examining  the  effect  of  reduced  depot  stock  levels  on  iysfein 
effectiveness  were  possible  during  the  time  available  for  the  study.  Some  implications  of  the  analysis 
for  this  aspect  of  multi-echelon  inventory  policy  arc  made  at  the  end  of  the  paper. 

A  multi-echelon  policy;  denoted  as  the  “standard”  policy,  was  chosen  against  which  alternative 
policies  could  he  compared.  The  particular  policy  chosen  as  the  standard  was,  with  one  exception;* 
the  policy  defined  by  [6].  It  would  be  beyond  the  scope  of  this  paper  to  describe  the  rules  for  determining 
item  stock  levels  for  submarine,  tender,  and  depot  echelons  as  found  in  detail  in  (6j.  It  is  sufficient  to 
note  that  in  the  standard  policy,  the  tender  is  loaded  with  safety  level  stock,  economic-add-on  stock  (to 
reduce  the  number  of  limes  material  is  shipped  te  the  lender),  and  endurance  stock.  Moreover, in  the 
standard  policy,  the  tender  is  given  parity  with  the  depot  as  a  resupply  point.  This  parity  is  indicated 
not  so  much  by  the  dollar  investment  in  stock  at  the  tender  vis-a-vis  the  depot,  but  by  the  philosophy 
underlying  the  way  in  which  the  tender  is  stocked. 

In  the  standard -policy,  the  tender  is  regarded  as  a  mobile,  mini-depot.  While,  in  practice,  tenders 
are  anchored  close  to  shore,  they  have  the  capability  of  operating  at  sea.i  The  objective  of  stocking  the 
tender  as  a  mini-depot  is  achieved  in  }61  hv  establishing  the  same  item  stoekoui  probabilities  at  the 
sender  as  at  the- depot,  and  by  providing  the  sender  with  endurance  slock  in  addition  to  safety  level 

^Esainiii.illon  of  itrtimS  submarine  usage;  4ata  indicates  that  the  average  number  of  cifferrm  repair  jiarts  ij*rd  per  palm! 
over  the  entire  Imputation  of  part*  was  approximately  espial  to  the  number  pern-rated  per  ;ulftJ  In  the  »inm!ainr  for  the  parte 
contained  in  the  sample, 

'See  footnote  on  rage  122. 

*Tfte  opimrluaity  I»  exvrviso  this  capability  depends  on  strategic  enttMderamm..  she  csalisatwt:  ■«  which  rr.ust  obviously 
be  left  tool  lief.-. 
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slock.  In  the  alternative  tender  policies  examined  here,  the  role  of  the  tender  is  quite  different  from 
the  one  just  described. 

In  all  inventory  policies  including  the  standard  policy,  stock  levels  at  each  echelon  are  computed 
using  a  model  which  is  a  generalization  of  the  model  applied  to  the  ‘"newsboy .problem”  (sec f2J).  This 
model  provides  optimal  ite.  i  stock  quantities  for  a  single  echelon,  but  when  it  is  used  sequentially  at 
each  echelon  in  a  logistics  system,  the  overall  distribution  of  stocks  within  the  system  need  not  be 
optimal.  It  is  important  to  note  here  that  all  other  things  being  equal,  the  model  computes  the  proba¬ 
bility  of  stockout  for  an  item  as  a  function  of  its  military  essentiality,  unit  price,  and  unit  eube.t  Thus, 
the  probability  of  stockout  for  an  item  at  a  given  echelon  is  Independent  of  the  number  of  stations  at 
the  next  lower  echelon. 

Whereas  the  standard  policy  just  described  stocks  a  large  number  of  units  at  the  tender,  in  the 
next  two  policies  no  stock  is  placed  at  the  second  echelon. 

In  one  policy  the  tender  is  treated  as  a  loading  platform,  but  it  still  retains  its  capability  of  op¬ 
erating  at  sea.  In  this  policy,  denoted  by  ‘Tender  as  a  loading  platfotin.”  the  tender  is  maintained  as 
an  integral’ part  of  the  logistics  system,  hut.no  investment  is  made  in  tender  stock.  All  demand*  placed 
on  the  tender  are  satisfied  directly  from  depot  stock.  The  tender  thus -serves  as  a  temporary  storage 
point  requesting  material  from  the  depot- in  direct  response  to  deniahds  by: end  consumers.  ln;general. 
the  tender  as  a  loading  platform  policy  will  lead  to  increased  transportation  costs  resulting  from  the 
substitution  of  priority  transportation  for  the  normal  mode  of  transfer,  to  insure  timely  arrival  of  ma¬ 
terial  to  the  end  consumer.  Rut  even  with  the  use  of  priority  transportation,  there  .wiUliesunte.reduc.lion 
in  submarine  post -re  fit  stock  levels  and  submarine  effectiveness  vis-a-vis  the  case  where  material -is 
prepositioned  at  the  tender.  By  use  of  the  simulator,  changes  in  transportation  and  other  costs  and 
logistics  system  effectiveness,  implicit  to  this  policy,  are  estimated. 

A  very  different  approach  is  taken  in  a  second  policy.  The  logistics  system  i«  treated  a*  if  it  con¬ 
sisted  of  only  two  echelons— submarines  and  a  dejHtt.  In  practice,  however,  an  advanced  land  base 
situated  in  the  same  general  area  where  the  tender  is  normally  stationed  would  be  needed  to  perform 
minor  repair  work  and  assist  in  the  installation  of  repaired  components  aboard  submarines.  It  is 
assumed  that  an  advanced  land  base  exists.*  and  that  no  stock  is  kept  at  this  base  so  it  too  may  be 
considered  as  a  loading  platform.  The  difference  between  this  policy,  denoted  as  the  “no  tender" 
policy,  and  the  previous  one  is  the  loss  of  the  capability  of  mobility  associated  with  the  tender.  Addi¬ 
tionally,  one  might  expect  some  increase  in  trans-shipment  time  between  depot  and  submarines 
either  Itecause  the  loading  of  material  aboard  submarines  will  require  more  time  in  the  absence  of  the 
lender  and/or  some  repair  work  normally  done  at  the  tender  will  be  shifted  backwards  to  the  depot. 
To  take  account  of  the  jwssibility  of  increased  trans-shipment  time,  it  is  assumed  in  the.no  tender 
policy  that  material  cannot  be  furnished  to  submarines  during  tfie  refit  period  in  which  they  request 
resupply.  This  last  assumption  is  equivalent  to  assuming  that  the  probability  of  late  arrival  of  material 
in  the  forward  staging  area  is  1.00.?  Since  materia!  always  arrives  late,  only  normal  air  transportation 
is  used  in  this  policy. 

It  lias  been  suggested  that  where  the  logistics  system  is  restricted  to  jieridie  resupply  of  end 
consumers,  stock  levels  at  the  lowest  echelon  should  be  as  large  as  possible  within  the  available  dollar 


+Ttw-  tatter  variable  i>  used  only  at  the  submarine  ct-hrlm  whm-  a  spare  constraint  must  be  Met. 

*!n  wfiai  follows  question?  concerning  I  he  political  feasibility  of  ibis  policy  arc  lamnrd, 

♦In  practice.  some  |icrrentase  of  items.  particularly  consumable  items,  should  be  deliverable  to  .>.ini..iiiin--  darme  the 
refit  period.  This  assumption,  therefore.  leads  to  an  orerstatement  of  tin-  bos  of  effectiveness  issriitfd  withlbe  no  fender  T .. -I  ii  \  _ 
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and  space  constraints  in  order  to  maintain  a  high  degree  of  effectiveness. t  That  is  to  say,  when  it  is 
important  that  no  item,  among  several  thousand  items,  lacks  replacement  units  in  order  to  avert  a 
malfunction  in  a  larger  system,  in  this  ease,  the  submarine,  it  may  he  necessaiy  to  stock  each  Item  at 
this  echelon  in  such  quantities  that  the  probability  of  experiencing  a  shortage  is  extremely  small. 
In  the  context  of  the  present  discussion,  an  example  of  a  contrary  policy  would  be  to  reduce  Initial 
investment  In  stock  at  the  submarine  echelon  rather  than  at  the  tender  echelon.  In  particular,  a  con¬ 
trary  policy  might  assume  the  acceptability  of  some  minimum  probability  of  stockout  for  any  item,  e.g.. 
one  shortage  of  a  repair  part  per  100  patrols.  Tliis  policy  is  used  in  [5]  and  in  unpublished  Navy  memor¬ 
anda  describing  echelon  stock  level  computations.  It  can  he  reformulated  as  a  policy  which  Imposes  a 
maximum  repair  part  protection  level  of  0.99  and  prohibits  stocking  of  units  which  raise  the  protection 
level  for  any  item  above  0.99.  Tliis  policy,  which  we  denote  as  the  “maximum  protection  level.  0.99" 
policy,  is  assessed  here.  To  maintain  comparability,  we  assume  that  this  policy  is  the  same  as  the 
standard  policy  except  that  item  protection  levels  at  each  echelon  are  constrained  to  a  maximum  value 
of-0,99.  Assessment  of  this  policy  provides  a  means  of  evaluating  the  proposition  that  centralization 
of  stocks  at  higher  echelons,  achieved  by  reducing  stocks  of  end  consumer  units,  can  be  non-optima! 
when  immediate  resupply  of  the  latter  is  not  possible. 

'  The; policies- described  above  are  defined  explicitly  in  Table  l  in  terms  of  initial  dollar.in vestment 
in  >im*k  for  each  echelon  in  the  logistics  system.  In  estimating  initial  investment  in  stock,  calculations 
were  first  made  for.  the  simulated  logistics  system  of  inne  suhniarines,;one  tender,  and  one  depot.* 
These  figures 'were,  then  Used  as  a  basis  for  extrapolating  to  a  representation  of  the  Poldns  logistics 
system  comprising  a  force  oi'45  submarines  supported  by  five  tenders  arid  one  depot.  The  extrapolated 
figures  (sboWn. hi  Table  1)  were  obtained  By  multiplying  the  original  cost  data  for  each  echelon  of  the 
simulated  logistics  system  by  five.  The  use  of  a  linear  function  for  estimating  initial  investment  costs 
at  the  first  two  echelons  is  reasonable  since  the  proxy  system  contains  five  times  as  many  submarines 


Table  1.  Initial  Dollar  Investment  in  Stock3 


Policies 

marrnr 

Tender 

Depot 

Total 

system 

1.  Standard 

121 

37 

33 

241 

Z  Tender  as  *  Loading  Ptaiform 

121 

0 

83 

201 

3.  No  Tender 

121 

0 

83 

204 

4.  Maximum  Protection  Level.  0.99 

W 

33 

76 

203 

*  In  imHkms  <if  dollar-  jk-t  5-year  period  for  a  kigistH-s  system  of  <5  submarines. 
5  tenders.  and  1  dejiui. 


mils  proposition  dors  no!  address  the  question  of  the  mix  of  items  to  be  slocked  aboard  submarines.  *,c..  should  sub¬ 
marines  be  storked  with  a  iarsf-  number  of  bis  priced  Rems  or  a  smaller  number  of  ifeins  eoniaining  a  larger  proportion  of  bfah 
priced  items?  This  question  requires  additional  analysis. 

•K.k  all  p.Jirrcs.  hem  stork  quantities  at  ibe  depoi  consist  only  of  safrly  level  stock.  This  limitation  on  depot  stock  is  the 
only  differem  r  between  the  standard  policy  and  the  one  defined  by  |6|.  The  change  in  the  standard  policy  was  made  to  accentuate 
the  “shock"  -*n  the  bipstics  system  of  changes  in  inventors  [wiliey.  For  the  poSicirs  considered,  the  effect  is  to  overesiiroate 
iransp*irfatinn  and  dep-n  order  costs  and  to  underestimate  the  effectiveness  of  the  Polaris  lotr'isiics  system. 
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and  lenders  as  the  simulated  one.  At  the  depot  echelon,  this  procedure  introduces  an  element  of 
difficulty.  On  the  one  hand,  because  of  uncertainty  of  demand,  depot  stock  requirements  to  support 
five  tenders  will  be  less  than  five  times  the  requirement  to  support  one  tender.  On  tfie  other  hand,  the 
I  olaris  logistics  system  contains  two  depots  with  some  duplication  ot  stock  between  them.  Given  the 
focus  of  our  study,  the  estimating  procedure  used  here  seems  adequate. 

As  can  be  seen  from  Table  1.  the  total  initial  investment  in  stock  for  the  standard  policy  is  larger 
by  approximately  18  percent  than  for  the  other  inventory  policies.  In  terms  of  costs  associated  with 
initial  investment  in  stock,  the  tender  as  a  loading  platform  and  the  no  tender  policies  are  equivalent. 
But  other  costs  associated  with  the  construction,  maintenance,  and  operation  of  tenders  which  are 
present  in  the  former  policy  are  absent  in  the  latter  one.  Finally,  we  note  the  different  distributions  of 
stock  between  Policy  2  (and  3}  and  Policy  4.  although  the  total  initial  investment  In  stock  over  all 
echelons  is  almost  the  same. 

The  inventory  policies  defined  in  Table  1  are  but  several  of  a  large  number  of  multi-echelon  policies 
whielt  could  have  been  simulated.  The-  tender  as  a  loading  platform  and  no  tender  policies  represent 
limiting  cases  of  a  "light  tender  load.  However,  it  may  well  he  that  reductions  in  Investment  in  stock, 
if  reasonable  at  all,  should  be  made  at  the  submarine  echelon,  7  In  the  next  section,  figures  are  pre¬ 
sented  which  suggest  significant  reductions  in  lojdslics  system  effectiveness  may  result  from  a  reduc¬ 
tion  in  stock  at  the  submarine  echelon,  but  this  may  not  be  the  case  if  the  reduction  is  made  at  the 
tender  echelon. 

3.  COST-EFFECTIVENESS  EVALUATION 

In  any  simulation,  the  problem  of  measuring  cost  and  effectivetiess  isas  troublesome,  if  not  more 
so.  as  the  problem  of  design  or  the  simulation.  In  the  present  context,  the  major  difficulties  pertain  to 
the  measurement  of  effectiveness  of  a  military  logistics  system  and  the  translation  of  changes  in  effec¬ 
tiveness  info  units  which  permit  comparison  with  changes  in  costs,  to  general,  the  problems  of  measur¬ 
ing  effectiveness  outweigh  those  pertaining  to  the  measurement  of  costs.  They  are  particularly  difficult 
to  handle  when  there  is  no  market  mechanism  for  measuring  effectiveness.  In  this  section,  we  first 
present  estimates  of  operating  costs  and  measurements  of  system  effectiveness,  and  then  attempt  a 
reconciliation  of  the  two  sides  of  the  cost-effectivcness  relationship. 

Estimates  of  operating  costs,  based  on  the  simulation  model,  are  shown  in  Table  2.  These  are 
computed  over  a  5-year  jteriod  which  is  taken  as  the  average  duration  between  fundamental  equip¬ 
ment  design  changes  for  Polaris  submarines.  As  in  the  case  of  the  previous  table,  all  figures  are  com¬ 
puted  by  multiplying  the  cost  estimates  for  the  simulated  system  by  a  factor  of  five. 

The  least  troublesome  of  the  costs  in  Table  2,  at  least  conceptually,  arc  those  relating  to  trans¬ 
portation.  depot  order,  repair,  and  production  costs  since  for  the  policies  considered  these  consist 
only  of  operating  expenses.  But  even  here  one  encounters  the  difficulty  of  obtaining  data  from  which 
reasonable  cost  estimates  can  be  made.  For  example,  no  information  could  be  found  for  the  cost  of 
repairing  failed  items.  In  this  case,  we  assumed  that  repair  cos!  was  a  fraction— one-quarter— of  the  cost 
of  production.  As  a  proxy  Tor  the  latter  cost,  the  unit  price  of  the  item  as  found  in  the  Navy  files  was 
used.  The  average  depot  order  cost  was  estimated  from  |3j  as  $50  per  initial  older  and  $25*  per  follow-on 

-  As  noted  earlier,  no  simulations  based  on  rrdwrd  bwrstmm!  in  stork  a!  the  depot  nkrtti  performed  st  this  aspect  **f 

roaero-imculorj  policy  eoaW  no!  he  assessed, 

(H  uer  costs  per  item  taspd  front  $24  for  puteltase  orders  prtfeessed  by  ituying  il  rrtdi  outlets  to  IS  for  * *■  pfssesred 

ihosiph  adt  erltsed  eonSracts.  The  atera-r  fosl  for  all  types  of  j-on-hrse.  was  S2R.  hee  TaMe  Y|-  B  io|3J, 
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TABLE  2.  Operating  Costs' * 


i 

24  j  2 B 

4 

Insenliriv . 

1 07. 1 

90.8 

Sci.fi 

«8.2 

87.9 

Transportation . 

■fd 

68.3 

5.5 

3.8 

3.0 

Depot  Order. _ .... 

0.9 

24.4 

21.6 

1 6.2 

10,2 

Repair. . 

56.0 

56.5 

55.3 

=%i..8 

36.1 

Product  inn . 

tffit.2 

lttf.4 

ice,4 

101.2 

fna.7 

Total . 

278.4 

.544.4 

273.4 

263,2 

239.9 

'*  ip  IBilliotJi  of  dtdiars  per  5-y^ar  I^si  f-*r  a  >s  -irni  **f  45  5  tenders,  and  1  defs*#. 

*  PtJirkrM 

I.  Standard. 

2A.  Tenders*  a  tuading  plaiftosi— priority  air  traiMpnrtaitisa  fur  all  higMy  rsstwiaj  pan*. 

2B.  Tender  a*  a  finding  platform— norma!  air  traosjinrtalion  {••?  all  pans. 

3.  No  lender. 

4.  Maaifflam  |trn!eclk»n  level.  0.99. 

onder.t  The  cost  of  normal  air  transportation  was  estimated  at  $8  per  item  delivered  to  the  tender. 
This  estimate  was  Based  on  tariff  schedules  of  the  Material  Air  Transport  System  and  tonnage  and 
transaction  data  supplied  hy  the  Strategic  Systems  Projects  Office,  Data  on  the  cost  of  priority  air 
transportation,  however,  were  tmavaiiahle.  It  was  suggested  to  the  author  that  tlGO  per  item  delivered 
to  the  tender  would  be  a  reasonable  estimate  for  priority  air  delivery,  and  this  was  the  assumption 
used  here. 

One  component  of  operating  costs  associated  u;th  transportation  Is  handling  charges.  We  have 
made  no  attempt  So  estimate  incremental  handling  charges  at  the  depot  resulting  from  reduced  in* 
vestment  in  stoek  at  the  tender.  In  effect,  we  considered  this  element  of  cost  to  he  zero.  The  reasons 
for  taking  this  approach  are  twofold.  First,  the  extra  manpower  required  at  the  depot  can  he  offset 
to  some  extent  by  a  reduction  in  manpower  at  the  tender  (or  advanced  land  base).  Second,  by  reducing 
trie  volume  of  material  to  lie  stored  at  these  latter  sties.  it  may  lie  possible  to  alter  their  physical  con¬ 
figuration.  thereby  effecting  a  reduction  in  investment  in  plant.  Although  it  Is  not  clear  that  there  would 
he  a  complete  cancellation  of  costs,  we  proceed  on  this  assumption. 

In  estimating  operating  costs,  conceptual  problems,  as  well  as  data  problems,  are  encountered. 
For  example,  should  cos!  of  inventory  he  measured  in  terms  of  initial  investment  in  stock  or  in  some 
other  manner.  We  estimated  inventory  costs  hy  measuring  the  cost  of  material  consumed  and  assuming 
an  allowance  for  the  return  of  unused  material  after  on  accounting  period,  which  in  our  ease  covers 
5  years.  The  amount  allowed  would  depend  on  actual  accounting  practices  and  on  a  variety  of  factors, 
the  most  important  being  the  rate  a;  which  material  becomes  obsolescent.  For  the  sophisticated  Polaris 
system,  we  assumed  that  one*haff  of  unused  stork  (based  on  figures  provided  by  the  simulator)  could 
he  recovered  after  5  years. 


TA  f* 44 ‘‘.i.'ii  order  i>  defined  a*  a  iredifir.-'Sin  !«  an  initial  order  made  prior  f<>  lor  denser*  dale  <  i it  :,'  *  -;  ;,.T  the  imlial 

order.  Any  additional  prorsjfrrartit  initialed  after  the  delis  erv  dale  i*  raum-rf  a#  amilhrr  milUI  «>rdeT. 
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Our  approach  to  the  empirical  and  conceptual  problems  is  typical.  In  the  absence  of  tire  required 
information,  a  number  of  assumptions  have  been  made  whose  only  justification  is  that  they  do  not  seem 
unreasonable.  Should  the  reader  have  more  information,  he  can  modify  the  estimates  in  Table  2  and 
reevaluate  our  conclusions. 

Several  observations  can  be  made  concerning  tire  figures  in  Table  2.  Looking  at  the  structure  of 
operating  costs,  production  and  repair  costs  account  for  half  or  more  of  operating  costs.*  but  they  varv 
very  little  among  policies.  The  latter  finding  is  not  unexpected  since  these  costs  are  related  only  to 
consumption  and  are  independent  of  the  total  investment  or  distribution  of  initial  invest  men!  in  stock. 

Perhaps  the  most  surprising  figure  in  Table  2  is  the  cost  of  transportation  for  the  tender  as  a  loading 
platform  policy  (Policy  2A)  when  priority  air  transportation  is  used  to  resupply  all  highly  essential  items. 
As  can  be  seen  from  Table  3.  the  extremely  high  cost  of  transportation  for  this  policy  is  due  to  two 
factors:  the  large  number  of  shipments  from  the  depot  due  to  the  zero  stock  levels  at  tire  tender  and 
the  heavy  use  of  priority  air  transportation  due  to  the  large  proportion  of  highly  essential  Items  in  the 
sample-f 


Table  3.  Number  oj  Shipments  to  Tender  by  Mode  of  Transportation  and  Number  of  Depot  Orders 

by  Tyjte  " 
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=  Sf*r  TiHf  2  f«r  policy 

The  effect  of  the  former  factor  Is  also  seen  on  depot  ordering  mist.  Since  depot  stocks  were  purposely 
limited  to  only  safety  level  stock,  onr-fre -one  ordering  occurs  at  the  depot  when  a  demand  is  placed  on 
the  tender.  The  point  of  interest  here  Is  the  strong  interrelationship  between  initial  investment  in  stock 
atvd  the  components  of  operating  cost.  These  relations  are  often  overlooked,  not  because  they  are  not 
known,  hut  because  of  the  difficulty  of  obtaining  estimates  of  the  variables  and  parameters  influencing 
operating  costs. 
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To  reduce  the  total  operating  cost  associated  with  the  tender  as  a  loading  platform  policy  when 
priority  air  transportation  was  used  for  all  highly  essential  items,  an  alternative  version.  Policy  2 B, 
was  simulated.  In  Policy  2B.  normal  air  transportation  »  used  for  all  shipments  between  depot  and 
tender.  Transportation  c<ist  for  tills  new  policy  is  still  higher  ihar  for  the  standard  policy,  but  ft  is 
sufficiently  reduced  to  bring  total  operating  cost  below  that  for  the  standard  policy. 

For  the  no  tender  policy,  one  notes  that  t»«tal  operating  cost  is  even  less  than  for  Policy  2B«  despite 
flic  fact  that  normal  air  transportation  Is  used  for  all  items  in  both  polleie*.  More  than  half  the  dif¬ 
ference  in  total  uncrating  cost  between  these  ;»■!■(  , •—  is  accouuied  for  by  depot  order  cost  which  Is  a 
function  of  the  number  of  requests  for  stock  placed  on  the  depot.  The  explanation  for  the  reduction 
in  requests  for  stock  under  the  no  tender  policy  is  found  in  the  constructioS  of  the  simulation  model. 
As  mentioned  earlier,  when  material  assigned  to  a  submarine  arrives  after  the  submarine  has  de¬ 
parted  for  hs  next  patrol,  it  becomes  available  to  other  submarines  on  a  first-come,  first-served  basis. 
When  more  than  one  customer  is  given  the  units  assigned  to  another,  hatching  of  requests  occur  redur- 
ing  shipments  to  the  advanced  land  base  and  fwitb  one-for-one  ordering  at  the  depot)  depot  orders  to 
production  and  repair  facilities.  For  the  no  tender  poliey.  where  it  was  assumed  that  material  always 
arrived  late.  Latching  of  requests  occurred  frequently.  This  happened  also,  bat  less  often  In  Policy  2B 
where  the  probability  of  late  a.  rival  was  much  smaller.® 

The  rale  tiiat  material  ordered  by  one  customer  may  be  given  to  other  customers  is,  itself,  an 
example  of  a  macro-inventory  policy.  From  the  simulation  experiments .  it  would  appear  iliai  this  rale 
would  be  an  effective  one  in  reducing  operating  costs.  Lnpstic*  .nstein  effectiveness  may  also  be  re¬ 
duced.  however,  if  the  material  given  to  a  second  customer  is  mote  urgently  needed  by  the  first  cus¬ 
tomer.  The  probability  of  this  event  occurring  can  be  minimized  If  '“trading"  of  material  is  profcibfted 
when  the  need  of  the  first  customer  is  urgent.  e,g,,  when  materia!  Is  needed  hy  the  first  customer  to 
replace  tailed  units  of  a  repair  part  as  contrasted  to  the  case  where  the  stock  level  for  an  item  Is  positive 
but  below  tire  allowed  quantity.  A  similar  mb'  for  trading  of  stock  may  be  applied  In  another  context. 
Since  nu»rc  than  one  submarine  is  in  refit  at  one  time  at a  given  site,  repair  parts  could  be  traded  among 
submarines.  In  general,  it  should  not  be  Ion  difficult  to  establish  rules  by  which  tire  irapl-emeraatbm  «f 
trading  results  in  reduced  operating  costs  and  even  an  e»  peered  net  gain  in  effectiveness. 

Of  all  the  policies  simulated,  operating  cost  was  teas  tor  the  maximum  protection  level  policy. 
Not  only  was  Inventory  cost  less  for  this  polity,  to  in  addition  trjns|«*Tiaii«*n  and  depot  order  costs 
were  kept  low  rhjc  In  the  carrying  of  stock  at  the  tender. 

Still  to  be  discussed  Is  the  logistics  system  effectiveness  nss«ciafe«I  with  each  fmliey.  Before  doing 
so.  it  is  worth  pointing  out  that  with  only  a  onall  investment  in  tender  stock,  demands  on  the  depot 
can  be  substantially  reducer!  for  the  tender  as  a  loading  platform  policy,  thereby  lowering  operating 
costs  lor  this  policy  to  a  level  much  Wow  that  of  the  standard  policy.  This  can  be  accomplished.  for 
example,  hy  stocking  the  tender  whh  items  bavbtg  a  low  unit  price  and  a  high  expected  demand  rate. 
This  approach  was  employed  in  |6J  In  the  computatiiin  »«f  stock  using  the  formutaiton 
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within  miy  put  ml.  (In*  exported  Ins*  nf  effectiveness  wnulil  In-  tine-half  tlml  indicated  liy  (lie  limner* 
in  Table  6,+  Tim,.  I  nr  Pulley  21).  0.6  percent  cf  I  hi*  pill  nil*  would  lie  leriiiiuuled  (assuming  u  erllleal 
value  of  two  shortages),  on  average,  al  die  mid-point  of  a  patrol  with  a  eon*e<pienl  expected  reduelioii 
in  efleeliveiie**  of  ().,’)  pereenl.  Tin*  convention  in  computing  expeeied  In**  of  loglxlle  system  effective- 
lie**  i*  adopted  lielow. 

The  problem  of  irau*luling  lo**  in  logistic*  *y*lem  elfeellvene**  into  dollar  term*  I*  admittedly 
even  more  dillicull  Ilian  the  Initial  problem  of  mea*iiring  lo**  in  elfeellvene**.  Yet.  di*eii**lon  of  I  lie 
former  problem  area  i*  unavoidable.  Our  n|iproaelt  wa*  to  climate  the  ineremeiilal  outlay  in  dollar* 
reipiired  lo  maintain  logistics  *y*lem  effectiveness  for  an  alternative  policy  at  the  xame  level  achieved 
by  the  *tundard  policy.  To  eomtmte  till*  incremental  outlay,  we  u*ed  l lie  following  expression; 
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Incremental  Capital  Outlay** 
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•/ 


A  A' 

T-AA' 
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where  A  A'  i*  the  reduction  in  logi*lie*  *y*tem  elfeelivene**  for  the  alternative  policy  vis-a-vis  the 
*taudard  one.  and  /  the  c*!imutcd  capital  inve*lmcnt  in  plant  and  ei|uipment  per  accounting  time 
period  Idr  the  alternative  policy.  In  applying  (2).  we  note  that  if  A l'j  equal*  1/2.  the  Incremental  capital 
outlay  equal*  /.  The  Incremental  Increase  in  capital  outlay  per  accounting  period  i*  then  compared 
with  the  incremental  decrease  in  'rating  cost*  per  accounting  period.  If  the  former  i*  lex*  than  the 
latter,  the  performance  of  the  alternative  policy  f*  Judged  to  be  belter  tliuu  that  of  the  standard, 

(Jlven  the  published  figure  of  1100  million  for  construction  of  a  Polaris  submarine,  we  estimated 
the  lifetime  cost  of  constructing  and  maintaining  (including  maintenance  of  personnel)  a  Polaris  sub¬ 
marine  and  Polaris  tender  at  $200  million  and  $400  million,  respectively.  Thus  for  a  force  of  46  sub¬ 
marine*  and  5  tenders,  total  capital  investment  would  belli  billion,  or  $2.2  billion  per  5-year  period 
assuming  an  economic  life  for  the  system  of  25  yeurs.  On  the  basis  of  these  estimates,  the  incremental 
capital  outlay  Ibr  a  I  pereenl  reduction  in  logistics  system  effectiveness  would  be  $22,2  million, 
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An  Milled  llllOVC,  lit**  (*K|»*‘«'t(*(l  limn  III  loalnljcn  nyntCMI  cflf'CtlVCMCnn  llcpeillln  (III  ill**  IIMMIIII|lllllll 
made  rcaurdlna  (lie  number  of  Hhorliifc****  of’  IiI^IichI  cnncnliulily  llml  lend  tulermlnuliuii  nl'n  patrol, 
l***»r  (*Nimi|»l«*.  If  n  pul  ml  In  l«*rinlri<it<**l  when  nhnrlnaen  are  Incurred  for  two  nr  more  llcmn  wlili  t  hi* 
hlahcnt  military  ennenllallly,  llm  expected  limn  of  effccllvoncnn  for  the  lender  nn  a  loadina  jiliiffiiPHi 
pulley  (I’nlley  2H)  In  0.3  pi*r<>r*rif ,  mid  llm  Inercmeiilnl  capital  imilny  per 5- year  period  reipilred  In  uflfnel 
lldn  limn  In  $6,6  mlllinii  (nee  Tallin  7),  Kmm Tallin 2. one  nnlim  that  llic  Incremental  decrcane  In  operallna 
I’linl  I  per  5-year  period)  I’nr  Pulley  211  In  $5,0  mlllinii,  ll  ninnild  In1  reenlled.  however.  dial  llic  loiter 
liu lire  may  In*  nidmlmilfally  Increaned  liy  a  trivial  dullar  liivonlmenl  In  liemn  with  low  mill  prlee  and 
lilldi  (*M|ii*('l**(l  demand  al  (lie  lender  eelielnn.  Annunilna  dial  die  nlmrlaae  nf  l  wn  nr  mure  Ileum  nf  liln.li' 
enl  ennenllallly  In  needed  In  lennlnale  a  palrnl.  ll  wnnld  Jippenr  diet  die  lender  an  a  loadifia  |dall'nrin 
pulley  enm|iaren  ((idle  f'avnralily  wlili  die  nlandard  pulley, 
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The  enllmaled  ineremenliil  capital  outlay  per  5-year  period  lor  allernallve  anniim|illnim  roaurdhiu 
die  niunher  nf  hiahcnl  ennenllallly  itemn  Icudiiia  In  lerminalinn  nf  a  palrnl  in  nhnwii  In  Table  7,  In 
eompuliriu  die  liauren  for  die  no  lender  pulley.  Policy  3.  die  life-lime  eonln  lined  are  $200  million  for  a 
Polurln  nulmiarine  and  $I(K)  million  for  eonnlriieiinn  and  mainlenanee  of  a  repair  eapaldlily  al  an  ad¬ 
vanced  land  bane,  The  iieantlve  liauren  indicate  the  redaction  in  capital  nuilayn  fur  lldn  pulley  (vin-a-vin 
the  nlundurd  pulley)  when  loainlicn  nyntem  elfeelivenenn  In  eipial  In  dial  fur  the  nlandard  policy,  Com* 
parlna  the  liauren  In  Table  7  with  die  Ineremenliil  operallna  eonln  fur  each  pulley,  we  find  dial  Policy 
3  rankn  lilaher  than  the  nlandard  If  die  erilleal  number  of  nhortuacn  In  four  nr  mure,  The  name  In  Iruc 
for  I'nlley  4.  hill  unly  If  the  erilleal  number  of  nhortuacn  In  eiahl  nr  more,  Note,  here  die  navlnan  are 
rcnlricled  to  operallna  eonln  wherean  in  Policy  3  there  In  alnu  u  rediiedon  in  eapilal  nuilayn,  ll  in  liilcront- 
ina  to  mile  that  wherean  i'nlley  2A  rankn  lower  than  die  nlandard  for  all  annumplionn  heeaune  of  iln 
hiaher  operallna  eimt  and  lower  efTeedvenenn.  the  former  rankn  lilaher  than  I’olicv  4  if  die  erilleal 
number  of  nhortuacn  In  between  I  and  5.  In  aeneral.  I'nlley  4  rankn  lower  I  hail  die  nilicrn  if  the  erilleal 
number  of  nlmrlaaen  in  nmall. 
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Noiwlilminndlnu  ill"  dldiculllcn  nf  i*n| i mill iti4  ionn  of  ell'ecllvcnenn  and  eimvcrilnu  thin  lenn  Into  a 
moneinry  i*i|iif  valfiil .  I  In*  data  in  Table*  (i  and  7  miuucni  tin*  following  lenlnilve  conchmloim,  The 
niundurd  policy,  In  which  nnbinnrlncn  arc  Mocked  with  an  wide  a  ran  ft"  and  dc|iih  of  item*  an  ponnlble 
connlnlcnl  with  dollar  and  n|iacc  connirainln,  provide*  a  very  liluh  level  of  loglntien  nynlein  efl'eeilvenenn, 
Kiir  I  him  reanon,  improvement*  In  efl'eeilvenenn  from  pollcic*  which  wonld  (dace  ml  III  urcnler  emphnnin 
on  the  lender  or  depot  an  a  nloek  point  would  lie  dlflieull  In  achieve  and  nlno  expennive,  On  the  oilier 
hand,  alllionwh  niilmlanllal  rcdncllonn  In  invenlinenl  In  nloek  can  lie  reali/ed  hy  placlnu  lenn  nloek  al 
(lie  emhemmumer  echelon,  lliln  pidley  In  likely  lo  remill  In  a  marked  rednellon  in  loglniien  nynlein  ell ec* 
llvenenn,  l>,hially,  (lie  lender  an  a  loading  policy  and  no  lender  policlcn  appear  lo  rate  favoraldy  with 
the  Mandat'd  policy  under  nol  loo  renlrielive  immimpllon*  reunrdlnu  the  ninnher  of  nhortagen  of  hinhenl 
ennenllallly  Ileum  needed  lo  Icrnilnnlc  a  pal  ml,* 

Them*  eonehmloim  rent  on  I  wo  hanie  eliaraelerlnllen  of  the  I'olarln  loulMlc*  nynlem —  remipply  In 
periodic  lonly  once  after  each  pa  I  roll  and  Item  linage  ralen,  even  when  aeenmnlaed  over  the  enllre 
nynlein,  are  low,  The  latter  charaelerintic  in  of  npeelal  iniporianee  in  explaining  the  iinprennlvely  mnall 
niimher  of  nhdrlanen  lor  the  lender  an  a  loading  platform  and  no  lender  policlcn,  The  effect  of  low  do* 
inand  ralen  on  loplnllcn  nynlein  efl'eeilvenenn  can  he  llhmlraled  hy  the  following  example,  Annume  (hat 
niihmarlne  and  depot  nloek  Icvoln  lor  an  Item  are  niicli  llial  the  prohaldlily  of  mipply  exceeding  demand 
In  0,W7  and  0,99,1,  renpeeilvely,  when  the  nioekn  al  each  echelon  are  eoimldered  neparalely,  Then  the 
prohaldlily  of  Incnrrlnu  a  nhorlaite  of  nloek  over  the  entire  nnpply  nynlem  dnrlnn  a  lwo*palrol  period 
covcrlnu  6  monllin,  anniimlnu  I  hat  niihmarlne  nloek  in  the  only  nloek  available  during  the  firm  patrol 
and  I  hat  depot  nloek  in  the  only  nloek  available  for  the  neennd  patrol,  will  he  approximately  0,010,  Since 
for  monl  Ileum,  I  he  return  time  from  production  and/or  repair  facilitlen  In  (>  monllin  or  lenn.  thin  mennn 
I  lull  nloek  al  I  he  emheoiinmner  and  depot  eeheloim  alone  wonld  he  miffielenl  lo  cover  90  out  of  100 
demandn  durhitf  the  period  In  whhdi  material  can  he  repleninhed  throughout  the  multheehelon  Inventory 
nynlem. 

The  eharaelerlntle  of  low  image  ralen  nuggeM*  that  for  a  large  proportion  of  llemn,  nloek  need  he 
kepi  only  al  two  eeheloim  and  for  a  not  unimporinol  elann  of  llemn  one  echelon  may  nuffiee,  An  noted, 
we  have  concluded  llial  in  order  lo  mulnluin  a  high  level  of  loginllc*  nynlem  cffeetlvenenn,  Item  nioekn 
nliould  he  placed.  In  general,  al  the  einbcoimuiner  echelon,  For  llemn  llial  are  bulky  and/or  expennive 
Inn  which  aim  have  (he  churaolerlnlle  of  high  ennenllallly.  the  lowenl  echelon  of  mipport  may  he  the 
lender  or  advanced  land  bane,  (liven  the  policy  of  Mocking  an  Item  al  the  niihmarlne  or  lender  depend* 
Ilia  on  ifn  eont  and  it*  mllllary  ennenllallly  for  at  both  eeheloim  If  ll  In  included  among  the  llemn  for  which 
eeonomle*aild*oii  nloek  In  computed),  the  primary  remipply  renpooniblllty  fall*  lo  the  depot,  Hut  all 
Ileum  need  not  he  Mocked  at  the  depot,  If  an  Item  In  expennive  and  him  low  mllllary  ennenllallly,  Inn 
monl  important.  If  it*  image  rule  In  low,  ll  probably  can  he  deleted  from  the  depot  nloek  lini  with  only  a 
trivial  effeel  on  InglMle*  nynlem  effect  I  venenn.  Ileeaune  of  the  low  failure  rule,  there  In  a  lii^h  prole 
ability  llial  another  (mil  can  he  obtained  from  the  manufacturer  before  the  nnpply  nynlem  experleneen 
another  demand  for  the  Item,  And  even  If  thin  in  not  the  cane.  If  flic  hem  in  of  lew  ennenllallly,  t Ik* 
expected  decline  in  nynlem  effeellvenenn  nliould  he  mnall, 

In  concluding  thin  paper,  a  final  olmervatlon  nliould  he  noted.  Although  a  lar^e  number  of  annuiiip- 
Ilium  were  required  throughout  the  unalynln.  an  explicit  effort  wan  made  lo  he  eoimervallve  in  the  choice 

*ll  «linulil  Im*  will'll  ihiil  If  ll»i*  limilhiit  Hk*>iOM|Hfea  I  lint  nil  kImmIhitc*  emir  nl  die  hi'ulmihi*  nf  ,i  pirnl  |.  aiHile,  Pulley  ;’ll 
eeiM|iHie*  le*»  hivmiihly  Mini  Pnliev  I  mneli  le»»  Invnnilily  wllli  tin*  •Imidnel  |mllev,  The  aeiiernl  enMelii»l'Mi«.  Imwever,  himiIiI 
rcmiihi  mii!iiin*t’il, 
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of  the  sample.  In  structuring  the  simulator.  and  in  estimating  both  operating  costs  and  incremental 
capital  outlays  to  offset  loss  of  effectiveness,  In  all  policies,  one-for-one  ordering  was  Imposed  at  the 
depot  echelon,  thereby  increasing  dept4  order  costs:  she  impact,  however.  was  primarily  on  ibe  two 
P»d3etes  for  which  stock  was  eliminated  at  the  middle  echelon.  Additionally,  the  extreme  version  of 
the  tender  a#  a  loading  platform  poBey  and  the  assumption  of  late  deli  very  for  the  no  tender  policy  results 
in  an  over-estimate  of  loss  In  effectiveness  for  these  policies.  Because  of  the  complexity  of  cost-effec¬ 
tiveness  analysis,  it  is  somewhat  humbling  to  realize  that  when  all  is  said  and  done,  evaluation  of  the 
findings  presented  here  ultimately  depends  on  the  individual  reader's  expertise,  both  in  terms  of 
information  at  hand  and  experience  in  the  operating  characteristics  of  complex  systems. 
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T.  S,  Arllmniiii  iumI  A,  <!.  Miiklm|imlliyiiy 
liiiliim  SliHhtinil  Inslluih' 


aiistiiaot 

In  ilii»  mill1  lilt1  miilim*  rail  lnt  ii  1‘lntniti'  til  lln>  n|iilimilily  itMi'iIh  ulvoii  liy  Tlmnrt'in  II 
In  *i*i‘ilnii  ft  iif  (In*  |iu|mr  nf  W,  H/rniri'  "l>»  Smut*  Mi'iimiiirlnii  I'riilili'iiw"  In  NHI.V  Vnl,  Ift, 
No,  2  |.'l  Kut f tn*r.  iwn  iif  tin*  ilirm  iiwclilim  |irnlil«<iii,  nunit'ly.  III  Man  At  «  Mill  Hk  mill 
(ill  Mux  (!it*  Min  lit  un*  i'ini»li|i*it  il.  anil  |<r,.i'i<iliif.'*  fm  nlii ulninyt  n|il limtl  (ii*i|imiiri'*  In 
t lii>*i>  i'«»i<»  iirt*  ultra.  In  llii'M'  rn»i*»  llm  fliri'i-iiiiii'lilni'  |ii:ii|iIi>iii  N  milvi'il  liy  milvInjiM  0 Iif 
iniinlmr  iif  jnli»l  Iwn-inm'lilim  |inil>li-tn«. 


INTHOmiOTION 

Soollnn  5  nf  lln*  paper  nf  W,  S/.wuro  "On  .Homo  Sotpienolnn  I’roMom*"  In  NHI.Q  Vnl,  15, 2;  1 968. 
pp,  140-147  [ 2] i doulx  with  enriuln  upoolul  #»f  tin?  well  known  Jnlmmm'*  3  x  n  ueipieneliin  problem, 
Tin*  «t|il Imolii y  erilerlu  urn  million  In  elianne#  alnee  neveral  lerma  In  A  and  H  on  pii|fe  142  uro  ulmply 
nii.«o*ln«, 

(Imnlllinn*  2a  and  3u  nf  (lie  theorem  urn  enntlderod  alone  and  new  procedure*  for  nhluininit  n|ill> 
mill  *etpjenee*  In  earn**  milUfylnu  ellher  nf  lln*  condition*  art*  developed.  An  example  I*  ulven  In 
illiiMrnte  l  hi*  procedure, 

Before  di*cn*xin|t  the  problem*  involved  wo  a**nnie  lln*  roador  In  In*  familiar  wlili  [2|:  however, 
nn  faniillitriiy  wlili  [2]  I*  required  Inr  nod  Inn  2  nf  ihi*  nnio. 

I .  (Unreeled  L  and  It 


Wo  ronliilo  l lit*  fnllnwinu  notation*  fmm  [2j; 

/t»(l,2,  ,  .  ,  ,  ,  n)  denote*  lln*  *equenoe  1, 2 . n  nf  lln*  n  joint. 

/li,  Hi,  Ci  donnlo  lln*  operation  llmo  nf  horn  /  nn  mnohlnon  A.  B  and  C  respectively, 
l.ol 

Kii^y/li-ZHiH  ml 

i  i  i-i 

(1) 

»‘  i‘  i 

//,  H  V  Hr-  V  Ci  fnr  sequence  />. 

#1  l-l 

(•'nr  lln*  m'tpionoo  /»' ®  ( I j—  I.  j  +  I,  j,  j  +  2 . n),  donnlo  liy  A,',',.  II',  tin*  corn** 

xpntnllni*  expre**lon*  similar  Inll). 

I  ,o  I 

(2)  max  ( //,. -f  h„), 

I'  II  II 

1.45 
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In  addition,  we  introduce  a  notation 


(3) 


P~  0'i*  /-■- 


•  ju  )  • 


and  iv*.  Hr  the  corresponding  expressions  si.*iiJnr  t«  (1)  tor  the  sequence  />. 

Now  consider  /,  and  li  given  «n  page  142  ol  l.2j.  It  is  easy  to  see  that  the  terms  of/ft-F  ft,,  H'r+  K'u 
for  u  —j.  H- 1  and  j+2^  t'€«  are  missing.  Tim  correct  expressions  for  h  and  /f  are  given  below, 

L  —  max  {Hi+Ku.  1  =£  «  S/i  //,-F  1  -s-A'„.  1  u  -?  j-*-  1;  //, -f  Aft  //,-rft. t,  ;  -f  2  <  e  g  n ) 

==  max  ( H ]  *  Aft  1  /:  //ft  ,  +  Aft  1  «  u  s*  j-r  1:  //,.  4-  Kj ,  H'r  4-  Aft , .  /-i-  2  -s  r^ii ) 

(the  underlined  expressions  indicate  the  missing  terms  in  L  and  H  in  [2]. 

This  trivial  error  is  crucial,  however,  since  it  leads  to  incorrect  optimality  criteria  t sec  Theorem  3 
on  page  144  of  [2jt. 

The  correct  form  of  /,  and  H  changes  ail  three  criteria  presented  in  the  mentioned  theorem.  For 
instance,  criterion  1  will -'be  as  follows: 

1,  fa)  ft —constant,  (b)  ft  <  ft. (el  ft  >  Cft 1  for  all  j. 

2.  Sonic  Special-Cases  of  the  Three -Machine  Problem 

Consider  a  sequence  p  defined  by  (3)  and  the  eerresponding  ft.  and  Hr.  then, 

g(f>)~  max  (/?',+ ft). 

I  Jf 


then 

and 


CASE  I:  Let  Max  ft  «Min  Bk 

k  k 


K:  Ki .  i  for  I  s*  /  n  —  1 


sip)  —  max  ( Hr  +  K ,) 

—ft-  -hmax  Hr 

%<rx.» 

-Aj.  +  max  (ft,,  ft.  -i-  /ft  —  Cj,  .  ft . ft) 


-  ft,  +  ft;,  —  Cj,  4-  max 


t-et  Pi  denote  the  set  of  all  sequences  with  i<  —  i.  We  are  interested  in  minimizing  £(/>)  over  all  possible 

sequences  p.  For  a  fixed  jt  *  r. 

let 

r~  I  V  ‘ 


/j  — Min 


»<2  tfil  7  J 


/>  »s  the  iriinimnin  idle  time  on  the  last  machine  C.  for  the  two  machine  problem  with  machines  B  and 
0  and  the  in  — 11- jobs  other  than  f. 

Hence,  we  can  develop  the  following  procedure  to  obtain  an  optimal  sequence.  For  i**l.  2. 


Dj — ft  -j-  B,—Ci-r  max  (Cj, 
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where  /,  is  as  defined  above.  Let  S-,  be  the  corresponding  optimal  sequence. 


Find  D;„  ~  min 

i 

Then  an  optimal  sequence  for  tile  problem  is  given  by  S;a). 
Example: 


Jobs 

A, 

B, 

Ci 

1 

5 

9 

6 

2 

8 

11 

5 

3 

* 

8 

2 

4 

4 

12 

4 

Here,  we  have,  using  Johnson's  rule. 


1 1  =22  and  S,  =  {2.  4.  3) 
/;=  19  and  Si=  (1.  4.  3) 
/*  =  21  and  $,=  (].  2,  4) 
=  17  and  Sx  =  (1.2,  3). 


Ii  can  be  found,  using  the  expression  for  idle  time  on  the  last  machine  in  the  two  machine  problem  or 
Gantt  chart. 

Now  A;  +  B,- ~~  Ci  for  i  —  1.  2.  3  and  4  are  8. 14,  13  and  12,  respectively. 

As  /;  >  Co  V  i.  we  have.  Dt  —  30,  D~  =  33.  D x — 34  and  Da  —  29 


Since  Da  is  the  minimum  over  f>,*s.  (4.  1.2. 3)  is  an  optimal  sequence. 
CASE  11:  Let  max  min  /n.  Consider  the  sequence  p=  ij’.jt-  .  .  .  /»). 
Then  ; 


and 


g(f>)  =  b—  c*r  (Cj  +  max  R»)  =  (h-c)-r  (C;.+ 

n  l^i  ir,» 


Max  {Kg,  a-h-r 
1  ‘  #^"•1  ^ 


where 


a=2A>' 

i 


b=VBi, 

w 


C--  V  C;. 

f~! 


Similar  to  case  1.  fixing  jK  one  can  develop  the  following  procedure.  For  /=  1,  2 . . n. 

Calculate 

D,  =  Ci  +  max  (/,.  a  —  6  t  Bn 

when  /i  is  minimum  idle  time  on  the  last  machine  B.  for  the  two-machine  problem  with  machines  A  and 
B  and  the  ( n  —  I )  jobs  other  than  i.  Let  S>  he  the  corresponding  optimal  sequence. 


Find  Zl,„  =  .Min  D„ 

i 
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Then  an  optimal  sequence  for  the  problem  is  given  by  (S<_,  L). 

ACKNOWLEDGEMENT 

The  authors  are  thankful  to  W.  Szwarc-  for  Ins  useful  suggestions. 

REFERENCES 

[1]  Johnson.  S.  M..  “Optimal  Two  and  Three  Stage  Production  Schedules  with  Setup  Times  Inelud 
Nav.  Res.  Log.  Quart..  1,61-68  (1954). 

f2]  Szwarc,  W..  "On  Some  Sequencing  Problems."  Nav.  Res.  Log.  Quart..  IS,  127—155  (1968). 


NEWS  AND  MEMORANDA 

INTERNATIONAL  CONFERENCE  ON  STOCHASTIC  POINT  PROCESSES 

An  I n<ci  national  Conference  on  the  topic  “Stochastic  Point  Processes;  Statistical  Analysis, 
Theory  and  Applications"  will  be  held  at  the  IBM  Research  Center.  Yorktown  Heights.  New  York  on 
August  2—7. 1971,  the  week  before  the  International  Statistical  Institute  meetings  in  Washington.  D.C. 
Tire  organizing  committee  consists  of  I).  R.  Cos  and  P.  A.  W.  Lewis.  Chairmen.  M.  S.  Bartlett,  j.  Cani. 
K.  Matthes.  P.  A.  P.  Moran.  E.  Parzen.  R.  Pyke.  W.  I-  Smith,  and  D.  Vcre-Jones. 

The  aim  of  the  conference  is  to  bring  together  mathematicians  and  statisticians  working  in  this 
field  and  workers  in  applied  fields,  such  as  ecology,  neurophysiology,  traffic  studies,  reliability,  geog¬ 
raphy.  forestry,  etwdemiology.  and  geophysics.  Consequently,  there  will  he  three  categories  of  papers 
presented  at  the  conference: 

I)  Surrey  papers  on  the  mathematical  theory,  statistical  analysis,  and  models  of  univariate  point 
processes,  multivariate  point  processes,  multidimensional  point  processes,  and  line  processes; 

lit  Review  papers  on  the  types  of  problems  involving  point  processes  encountered  in  fields  of  ap* 
plication  such  as  ecology,  neurophysiology,  physics,  forestry,  reliability,  traffic,  geography,  etc. 

ill)  A  limited  number  of  contributed- papers  on  new  work  in  the  field. 

We-  hope  to  have  the  survey  papers  available  before  the  conference  and  also  to  print  a  contjnlation 
of  open  problems  for  discussion  at  the  conference.  Problems  for  inelusion  should  he  limited  to  one 
typewritten  page  58-1/2x1 1  in.)  and  Ire  submitted  before  April  30. 1971.  Each  submission  should  include 
the  author* g  name  on*!  address. 

Papers  presented  at  the  conference  will  he  published  either  in  Biametrika.  or  in  the  journal  of 
Applied  Probability  am!  Advances  in  Applied  Probability ,  subject  to  the  usual  acc  eptance  and  referee¬ 
ing  procedures. 

Further  information  and  submissions  to  the  conference  should  In-  made  to: 

Dr.  P.  A.  W.  Lewis 
Mathematical  Sciences  Department 
IBM  Research  Center 
P.O.  Box  218 

Yorktown  Heights.  N.Y.  10598. 1'.S.A. 


-i-  us  GOvt*Ms«i  ftuiTfic.  e**w  vt.-i  < 


139 


INFORMATION  FOR  CONTRIBUTORS 


The  NAVAL  RESEARCH  LOGISTICS  QUARTERLY  is  devoted  to  the  dissemination  of 
scientific  information  in  logistics  and  Trill  publish  research  and  expository  papers,  including  those 
in  certain  areas  of  mathematics,  statistics,  and  economics,  relevant  to  the  over-all  effort  to  improve 
the  efficiency  and  effectiveness  of  logistics  operations. 

"  Manuscripts  and  other  items  for  publication  should  be  sent  to  The  Managing  Editor,  NAVAL 
RESEARCH  LOGISTICS  QUARTERLY,  Oriice  of  Naval  Research,  Arlington,  Va.  22217. 
Each  manuscript  which  Is  considered  to  be  suitable  material  lor  the  QUARTERLY  is  sent  to  one 
or  more  referees.  ' r  ;r 

'  Manuscripts  submitted  for  publication  should  be  typewritten,  double-spaced,  and  the  author 
should  retain  a  copy.  Refereeing  nay  be  expedited  if  an  extra  copy  of  the  manuscript  is  submined 
with  the  original. 

A  short  abstract  (cot  dyer  4 00  words)  shou Id  accompany  each  manuscript.  This  will  appear 
at  the  head  of  the  published  paper  In  the  QUARTERLY. 

There  is  no  authorization  for  compensation  to  authors  for  papers  which  have  been  accepted 
for  publication.  Authors  will  receive  250  reprints  of  their  published  papers. 

Readers  are  Invited  to  submit  to  the  Managing  Editor  items  of  general  Interest  in  the  field 
of  logistics,  for  possible  publication  in  the  NEWS  AND  MEMORANDA  or  NOTES  sections 


ARTICLES 


Page 

1 


Tree-Search  Algorithms  for  Quadratic  Assignment  Problems  by  J.  F-  Pierce  and 
W.  B.  Crowston 

Optimal  Interdiction  Policy  for  a  Flow  Network  by  P.  M.  Ghare,  D.  C.  Montgomery  37 

r  and  W.  C.  Turner 

(0,1)  Hyperbolic  Programming  Problems  by  P.  Robillard  47 

Application  of  the  GLM  Tedinique  to  a  Production  Planning  Problem  by  J.  P.  Evans  59 
and  F.  J.  Gould 

Sequencing  Many  Jobs  on  a  Multi-Purpose  Facility  by  J.  A-  Buzacott  and  S.  K.  Dutta  75 

Location  of  Facilities  with  Rectangular  Distances  Among  Point  and  Area  83 

Destinations  by  G.  O.  Wesoiowsky  and  R.  F,  Love 

A  Technique  which  Combines  Modified  Pattern  Search  Methods  with  Composite  91 
Designs  and  Polynomial  Constraints  to  Solve  Constrained  Optimization 
Problems  by  B.  F.  Houston  and  R.  A.  Huffman 

Finite  Statistical  Games  and  Linear  Programming  by  R.  A.  Agnew  and  R.  B.  Hempfey  99 

On  Queues  with  State-Dependent  Erlang  Service  by  C.  M.  Harris  103 

Asymptotic  Inference  about  a  Density  Function  at  an  End  of  Its  Range  by  I..  Weiss  III 

Optimal  Policies  for  a  Multi-Echelon  Inventory  System  with  Demand  Forecasts  by  1 15 

D.  L.  Iglehart  and  R.  C.  Morey 

119 
135 


Simulation  of  Multi-Echelon  Macro-Inventory  Policies  by  S.  E.  Haber 
A  Note  on  a  Paper  by  W.  Szwarc  by  T.  S.  Arthanari  and  A.  C.  Mukhopadhyay 
News  &  Memoranda 


139 


